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ABSTRACT

This thesis is comprised primarily of two separate portions. In the first portion, we
exhibit, for any sparse enough increasing sequence {p, } of integers, a totally minimal,
totally uniquely ergodic, and topologically mixing system (X,7) and f € C(X) for
which the averages Ziv:—(; (TP~x) fail to converge on a residual set in X, answering
negatively an open question of Bergelson. We also construct here a totally minimal,
totally uniquely ergodic, and topologically mixing system (X’,7”) and 2’ € X' for
which 2 ¢ {TPra'}.

In the second portion, we study perturbations of multidimensional shifts of finite
type. Given any Z? shift of finite type X for d > 1 and any word w in the language of
X, denote by X, the set of elements of X in which w does not appear. If X satisfies
a uniform mixing condition called strong irreducibility, we obtain exponential upper
and lower bounds on h'P(X) — h'P(X,,) dependent only on the size of w. This result

generalizes a result of Lind about 7Z shifts of finite type.

i



To Dilip

il



ACKNOWLEDGMENTS

First and foremost, I would like to thank my advisor Vitaly Bergelson. This the-
sis could never have been completed without his help. His infectious enthusiasm
for mathematics, along with a willingness to share his knowledge, were a constant

inspiration.

I would also like to thank my other committee members, Professors Alexander Leib-
man and Manfred Einsiedler, for agreeing to serve on my committee and for many

fruitful mathematical discussions.

Finally, I thank my friends and loved ones, without whom I would never have been
able to get as far as [ have. In no particular order:

Thank you to Mom and Dad, who have always been willing to do anything to
support me and have always believed in me.

Thank you to Greg, without whose friendship and sense of humor graduate school
would have been much less bearable.

Thank you to Jasmine, who was always there for me. I can never thank you

enough for your constant love and support.

v



VITA

Graduate Teaching Associate,

The Ohio State University

Student Instructional Associate,

The Ohio State University

M.S. in Mathematics,
The Ohio State University

B.S. in Mathematics,
The Ohio State University



PUBLICATIONS
Research Papers

e Some Counterexamples In Topological Dynamics (Ergodic Theory and Dynam-
ical Systems, to appear)

e Perturbations of Multidimensional Shifts of Finite Type (submitted)

FIELDS OF STUDY

Major Field: Mathematics

Specialization: Ergodic Theory and Dynamical Systems

vi



TABLE OF CONTENTS

Abstract . . . . . .. ii
Dedication . . . . . . . .. iii
Acknowledgments . . . . . . . .. iv
Vita . . o o e %
List of Figures . . . . . . . . . . ix
CHAPTER PAGE
1 Introduction . . . . . . . .. 1
2 Recurrence and convergence of ergodic averages along sparse sequences 8
2.1 Introduction . . . . ... ... 8
2.2 Some general symbolic constructions . . . . . . .. .. .. 16
2.3 Some symbolic counterexamples . . . . . .. ... .. .. 31
2.4 Some general constructions on connected manifolds . . . . 42
2.5 Some counterexamples on connected manifolds . . . . . . 55
2.6 A counterexample about simultaneous recurrence . . . . . 61
2.7 Questions . . . . . .. 65
3 Perturbations of multidimensional shifts of finite type . . . . . . . . .. 67
3.1 Introduction . . . . ... ... 67
3.2 Some measure-theoretic preliminaries . . . . . .. .. .. 84
3.3 A replacement theorem . . . . ... ... ... ...... 93
3.4 The proof of the main result . . . . ... ... ... ... 114
3.5 A closer look at the main result . . . .. ... ... ... 146
3.6 An application to an undecidability question . . . . . . . 155
3.7 Questions . . . . . .. 159

vil



Bibliography

viii



FIGURE

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15
3.16
3.17

LIST OF FIGURES

PAGE
f2’s action on a sample element of Y . . . . . ..o o000 73
A portion of a sample element of Z . . . . . . ... ... 76
Qo o o e 77
by o e 7
Re(i4R) kot R) oo k(atR) - =+« « o o o e e 85
A standard replacement of w . . . . . . ... ..o 95
A sample element Sof R; . . . .. ... ... 97
An element S of R; associated to two standard replacements . . . . . 98
The suboctants of B; . . . . . . .. ... 000 99
Elements S, 5" of R; whose difference is a multiple of e; . . . . . . .. 100
An element S of R; which contains O . . . ... .. ... ... ... 106
B 107
By oo 108
Intersecting occurrences of w . . . .. . ..o 116
SNSE 120
Disallowed and allowed pairs of overlapping w;q . . . . . . . . . ... 127
Apointx € X, . . .. ... 138

1X



3.18 The correspondence between copies of 'y and points in I’

(2)

J

3.19 How acopy of I'y is filled if bjg(p) =1 . . . . . . ... ... .. ...

320 F



CHAPTER 1
INTRODUCTION

This introduction will serve as a brief mathematical and historical overview of both
of the main problems that we will examine in this thesis. Due to their somewhat
disparate natures, the two portions of this thesis will each contain a more in-depth
introduction as well. For this reason, we will for the most part relegate formal defi-

nitions to their pertinent introduction.

Ergodic theory is the study of average or long-term behavior of systems which evolve
with time. For example, one can consider a particle bouncing in a box at fixed speed.
Its position and velocity at any time can be represented by a vector in R°. One can
then model this behavior by taking X to be the space of all possible positions and
velocities for the particle, and T" a self-map of X which, given a position and velocity,
gives the position and velocity one second later. This pairing of a space X with a

self-map T is called a dynamical system.

The more general setup is that of a group G acting on a space X with some sort
of structure by maps {7} }4ec preserving this structure. In this thesis, G is always
Z4 for some d € N. Measure-theoretic ergodic theory occurs when X is a measure

space with a probability measure p invariant under each 7, and so in this case we call



(X, B, 1, {1, }4ec) a measure-preserving dynamical system. Topological dynam-
ics occurs when X is a compact topological space and each T} is a homeomorphism,
and so in this case we call (X, {T,},ec) a topological dynamical system. In ei-
ther type of system, if G = Z, then T,, = (T})" for any integer n, and so we shorten
(X, B, 1, {Th}nez) to (X, B, w1, T) and (X, {1, }nez) to (X, T). (Here T =1T.)

These cases are not as disjoint as they may first appear: the famed Bogoliouboff-
Krylov theorem states that any topological dynamical system (X, {T}},ec) has at
least one invariant probability measure p as long as G is an amenable group. (An
examination of amenability is beyond the scope of this thesis, but we mention that
amenable groups are a class which contain all abelian groups. We only consider
G = Z¢ in this thesis, so all topological dynamical systems examined here will possess
invariant measures.) This sometimes allows one to examine topological properties of
a system via properties of invariant measures. For instance, in Chapter 3, we will
prove some purely combinatorial properties of a Z?-action by homeomorphisms of a

Cantor set by means of studying the invariant measures of this action.

Chapter 2 deals primarily with ergodic averaging. One of the fundamental results of

ergodic theory is Birkhoft’s ergodic theorem:

Theorem 1.0.1. ([Bi]) For any measure-preserving dynamical system (X,B, u,T')

and any f € L'(X), lim, % Z:‘:ol f(T'z) exists for p-almost every v € X.

Several results have been proven about the convergence of such averages when one

averages not along all powers of T', but only along some distinguished subset of the



integers. ([Bou], [Bou2|, [Wi]) In particular, when one averages along {p(n)} for a

polynomial p(n) with integer coefficients, there is the following result of Bourgain:

Theorem 2.1.12. ([Bou|, p. 7, Theorem 1) For any measure-preserving dynamical
system (X, B, u, T), for any polynomial q(t) € Z[t|, and for any f € LP(X, B, ) with

p>1, imy_o Eff:l f(T* ™) exists for p-almost every v € X.

Theorem 2.1.12 can be interpreted as follows: for any polynomial ¢(t) € Z]t], any
measure-preserving system (X, B, u,T), and any measure-theoretically “nice” func-
tion f, the set of points 2 where limy_. + ij:l f(T9™ ) fails to converge is of mea-
sure zero, or negligible measure-theoretically. It is then natural to wonder whether or
not there is a topological parallel to this result using topological notions of “niceness”
(continuity) and negligibility (first category), and in fact such a question was posed

by Bergelson:

Question 2.1.13. ([Be], p. 51, Question 5) Assume that a topological dynamical
system (X, T) is uniquely ergodic', and let p € Z[t] and f € C(X). Is it true that for

all but a first category set of points lim, .o = Z?:_OI f(TP2) exists?

One of our results is a (quite negative) answer to Question 2.1.13:

Theorem 2.1.15. For any increasing sequence {p,} of integers with upper Banach

density zero?®, there exists a totally minimal, totally uniquely ergodic, and topologically

LA topological dynamical system (X, B, u,T) is uniquely ergodic if there exists exactly one T-
invariant measure .

[{m,m+1,....m+n—1}NA| __ 0

2A set A C N has upper Banach density zero if limsup,,_, . Sup,,en o




mizing topological dynamical system (X,T) and a continuous function f on X with

the property that % 271;/;01 (TPrx) fails to converge for a residual set of x.

We also examine recurrence along distinguished subsets of the integers, motivated

primarily by the following result:

Theorem 2.1.17. ([BeL], p. 14, Corollary 1.8) For any d € N, any minimal topolog-
ical dynamical system (X,{T,}yeza) and any polynomials q:(t), q2(t), ..., qq(t) € Z][t]
with ¢;(0) = 0 for 1 < i < d, for a residual set of x € X there ezists a sequence
{n;} of positive integers such that Type,x — x for 1 < i < d, where {e;}L; is the

standard orthonormal basis of R.

In particular, this implies that for any minimal topological dynamical system (X, 7T)
and any polynomial ¢(¢) € Z[t] with ¢(0) = 0, the set of x € X with x € {T1™z}, N
is residual. The following result shows that for ¢ with degree at least two, this residual

set is not necessarily all of X.

Theorem 2.1.18. For any increasing sequence {p,} of integers with upper Banach
density zero, there exists a totally minimal, totally uniquely ergodic, and topologically
mizing topological dynamical system (X, T) and an uncountable set A C X such that
for every x € A, the sequence {TP"x} does not have x as a limit point, i.e. there is

no sequence of positive integers {n;} such that TPrix converges to x.

Another consequence of Theorem 2.1.17 is that for any commuting minimal homeo-

morphisms 7" and S of a compact space X, there exists a residual set of x for which

3A topological dynamical system (X, B, u,T) is minimal if there exist no nonempty proper closed
T-invariant subsets of X.



there exists a sequence of positive integers {n;} such that 7"z — z and S™z — =x.
The following theorem shows that for some systems, it is the case that this residual

set of z is not all of X.

Theorem 2.1.21. There exists a totally minimal topological dynamical system (X, T)
and a point x € X such that for any positive integers r # s, any sequence {n;} of

integers satisfying T™"ix — x and T*™x — x is eventually zero.

The systems which we construct to prove Theorems 2.1.15 and 2.1.18 are symbolic
dynamical systems. A symbolic dynamical system is defined by first choosing a
finite set A, called the alphabet. = A% endowed with the product topology is a
compact space, and for any g € G, we may define o, the shift homeomorphism by
(o4w)(h) = w(hg) for w € Q. Any closed set X C Q has a topology induced by €2, and
if X is invariant under each T, then (X, {o,},e¢) is a topological dynamical system

which we call a symbolic dynamical system.

In Chapter 3, we examine symbolic dynamical systems exclusively. There, we consider
a specific type of symbolic dynamical system called a shift of finite type. A Z%shift
of finite type is a symbolic dynamical system (X, {0, },cz¢) where X is defined by
specifying a finite set F of finite words (a word is a function from a finite subset of
Z% to A) and taking X to be the set of all elements of 2 in which none of the words
in F appear. The shift of finite type X specified by a finite set F of words in this
way is denoted by Qr. For example, the set of all biinfinite sequences of zeroes and

ones in which no two ones occur consecutively is a shift of finite type, as is the set of



all Z? arrays of zeroes and ones in which no three-by-four blocks of all zeroes or all

ones appear.

We are particularly interested in the effects of forbidding a particular word from a
shift of finite type X. Given any word w, define X, to be the set of elements of X in
which w does not appear. Then clearly X, is a subset of X, and so the topological
entropy h'P(X,) of X, is not greater than the topological entropy h'?(X) of X. It
is natural to wonder how much the topological entropy drops by when w is removed,
as it is a sort of measure of how important w is to the information-retaining capacity
of X. In [L], Lind proved the following: (the condition w € Lr (X) means that

w e Al-n" and that w appears in some element of X.)

Theorem 3.1.16. ([L], p. 360, Theorem 3) For any topologically transitive Z-shift
of finite type X = Qx with positive topological entropy h'°P(X), there exist constants
Cx, Dx, and Nx such that for any n > Nx and any word w € Ly, (X), if we denote
by X, the shift of finite type Qryqwy, then

Dx

ohtoP (X)n "

C
htop?(X) < h‘top(X) - h‘top(Xw) <
e n

Our main result is a generalization of Theorem 3.1.16 for Z%shifts of finite type
which satisfy a mixing condition called strong irreducibility. (We formally define

strong irreducibility in Definition 3.1.19.)

Theorem 3.1.22. For any d > 1 and any strongly irreducible Z%-shift X = Qf

of finite type with uniform filling length R and positive topological entropy h'*P(X),



there exist constants Nx € N and Dx € R such that for any n > Nx and any word

w € Lr,(X), if we denote by X,, the shift of finite type Qrqwy, then

1
ehP (X)(n+44R+70)

Dx
ohtP(X)(n—2R)d"

- < h'P(X) — h'P(X,) <

One way in which Z?-shifts of finite type are more difficult to deal with for d > 1 is
that given a finite collection F of patterns, it is undecidable whether or not the shift
of finite type X induced by F is even nonempty. Our methods yield a situation in

which this question can be answered:

Theorem 3.6.1. For any alphabet A, there exist F,G € N such that for any m > 0
and any finite set of words F, = {wy € L, (X) : 1 <k < m} satisfying ny > G

and ny, > F(ng_)*® for1 <k <m, Qp, #O.



CHAPTER 2
RECURRENCE AND CONVERGENCE OF ERGODIC
AVERAGES ALONG SPARSE SEQUENCES

2.1 Introduction

In this chapter, we are concerned with the convergence of averages of the form
% 2711\7;01 f(TPmx) for an increasing sequence of integers {p,}. We begin with some

definitions.

Definition 2.1.1. A measure-preserving dynamical system (X, B, j1,{T,},cc)
consists of a measure space X, a probability measure p with o-algebra B of measurable
sets, and a group action {T,},ec of transformations T, : X — X with u(Tg_lA) =
w(A) for all A € B.

Definition 2.1.2. A measure-preserving dynamical system (X, B, i, {Ty}4ec) is er-

godic if any set A satisfying T,A C A for all g € G has p(A) € {0,1}.

Definition 2.1.3. A topological dynamical system (X,{1,},cc) consists of a
compact topological space X and a group action {T,}sec of homeomorphisms T, :

X — X.



Definition 2.1.4. Given a topological dynamical system (X,{T,},ec), a Borel prob-
ability measure p on X is called ergodic if (X,B(X),u,{T,}sec) is an ergodic

measure-preserving dynamical system, where B(X) is the Borel o-algebra of X.

In this chapter, all dynamical systems have G = Z, so as already described we
will use the notations (X, B, u, T') and (X, T') for measure-preserving and topological

dynamical systems respectively.

Definition 2.1.5. A topological dynamical system (X,T) is minimal if for any
closed set K with T"'K C K, K = @ or K = X. (X,T) is totally minimal if

(X, T™) is minimal for every n € N.

Definition 2.1.6. A topological dynamical system (X,T) is uniquely ergodic if
there is only one Borel measure p on X such that u(A) = u(T~A) for every Borel
set A C X. (X,T) is totally uniquely ergodic if (X,T") is uniquely ergodic for

every n € N.

Definition 2.1.7. A topological dynamical system (X, T) is topologically mixing
if for any open sets U,V C X, there exists N € N such that for any n > N,
UnT"V # @.

Definition 2.1.8. For any set A C N, the upper Banach density of A is defined

by

1,... —1}NnA
d*(A) = limsup sup {mmt 1. oman=1}0 ‘

n—oo meN n



Definition 2.1.9. For any set A C N, the upper density of A is defined by

d(A) = limsup L.} ﬂA|.

n—oo n

Definition 2.1.10. For a set A C N, the density of A is defined by

d(A) = lim {1,...,n} N A

n—00 n

if this limat exists.

Definition 2.1.11. Given a topological dynamical system (X,T) and a T-invariant

Borel probability measure p, a point v € X is (T, p)-generic if for every f € C(X),

n—1
1 )
lim — T'z) = dp.
Jim 1 32T [ fn
In the measure-preserving setup, there are several positive results about convergence

of averages of the form Zi\:ol f(TPx), including this theorem of Bourgain:

Theorem 2.1.12. ([Bou|, p. 7, Theorem 1) For any measure-preserving dynamical
system (X, B, u, T), for any polynomial q(t) € Z[t|, and for any f € LP(X, B, u) with

p>1, limy_ o % 25:1 f(T9™) ) exists for p-almost every x € X.

The following question regarding a possible topological version of Theorem 2.1.12 was

posed by Bergelson:

Question 2.1.13. ([Be], p. 51, Question 5) Assume that a topological dynamical
system (X, T) is uniquely ergodic, and let p € Z[t] and f € C(X). Is it true that for

all but a first category set of points lim,, % Z?:’Ol F(TPDz) exists?

10



Bergelson added the hypothesis of unique ergodicity because it is a classical result
that a system (X,7") is uniquely ergodic with unique 7T-invariant measure p if and
only if for every z € X and f € C(X), lim;_.oo = S f(Tix) = [ fdu, and so in
the topological setup this is a natural assumption to make about (X,T) to achieve

the desired result.

However, Bergelson was particularly interested in the convergence of these averages
to the “correct limit,” i.e. [ « f du where p is the unique T-invariant measure on
X. To have any hope for such a result, it also becomes necessary to assume ergod-
icity for all powers of T in order to avoid some natural counterexamples related to
distribution (mod k) of p(n) for positive integers k. For example, if p(n) = n?, T is
the permutation on X = {0,1,2} defined by Tx = x + 1 (mod 3), u is normalized
counting measure on X, and f = xyoy, then (X, T') is obviously uniquely ergodic with

unique invariant measure p = M, but

1 .
3 if v =0,
1 n—1 '
i 280 <o a1
i=0
2 .
3 if ¢ =2.

\

To avoid such examples, we would need T to be totally ergodic as well as uniquely
ergodic, and so it makes sense to assume total unique ergodicity to encompass both

properties. Bergelson’s revised question then looks like this:

Question 2.1.14. Assume that a topological dynamical system (X, T) is totally uniquely

11



ergodic with unique T-invariant measure p, and let p € Z[t] and f € C(X). Is it true

that for all but a first category set of points lim,,_ % Z?;Ol (TP ) = Jx fdp?

We answer Questions 2.1.13 and 2.1.14 negatively in the case where the degree of
p is at least two, and in fact prove some slightly more general results. The level of
generality depends on what hypotheses we place on the space X. In particular, we
can exhibit more counterexamples in the case where X is a totally disconnected space

than we can in the case where X is a connected space such as T*.

Theorem 2.1.15. For any increasing sequence {p,} of integers with upper Banach
density zero, there exists a totally minimal, totally uniquely ergodic, and topologically
mizing topological dynamical system (X,T) and a continuous function f on X with

the property that + ZnNz_Ol (TP x) fails to converge for a residual set of x.

Theorem 2.1.16. For any increasing sequence {p,} of integers with the property
that for some integer d, ppy1 < (Pny1 — Pn)? for all sufficiently large n, there ex-
1sts a totally minimal, totally uniquely ergodic, and topologically mizing topological
dynamical system (X,T) and a continuous function f on X with the property that
% Z;V:_Ol (TPx) fails to converge for a residual set of x. In addition, the space X 1is

a connected 2d 4+ 9-manifold.

We note that Theorems 2.1.15 and 2.1.16 answer Question 2.1.13 negatively for p
with degree at least two, since the sequence p,, = p(n) for any nonlinear p(t) € Z[t]

satisfies the hypotheses of both theorems.

Theorems 2.1.15 and 2.1.16 are about nonconvergence of ergodic averages along cer-

tain sequences of powers of x. We also prove two similar results about nonrecurrence

12



of points. As motivation, we note that a minimal system has the property that every
point is recurrent. In other words, if (X,7T) is minimal, then for all x € X it is the
case that = € {T"z},en. If (X,T) is totally minimal, then all points are recurrent
even along infinite arithmetic progressions: for any nonnegative integers a, b, and for
all z € X, x € {To+0z},cn. It is then natural to wonder if the same is true for other
sequences of powers of T', and in this vein there is the following result of Bergelson

and Leibman, which is a corollary to their Polynomial van der Waerden theorem:

Theorem 2.1.17. ([BeL], p. 14, Corollary 1.8) For any d € N, any minimal topolog-
ical dynamical system (X,{T,}ycza) and any polynomials q,(t), q2(t), ..., qq(t) € Z][t]
with ¢;(0) = 0 for 1 < i < d, for a residual set of x € X there exists a sequence
{n;} of positive integers such that Tyme,x — x for 1 < i < d, where {e;}{_, is the

standard orthonormal basis of R.

In particular, Theorem 2.1.17 implies that for a minimal system (X,7) and any
polynomial p(t) with p(0) = 0, the set of = such that z € {TPMz},cy is residual. If
(X, T) is assumed to be totally minimal, then by definition if the degree of p is one,
then every point x € X is in m. The following two results imply that if the
degree of p is greater than one, total minimality of (X, T") does not necessarily imply

that every point z € X is in {TPMx},en.

Theorem 2.1.18. For any increasing sequence {p,} of integers with upper Banach
density zero, there exists a totally minimal, totally uniquely ergodic, and topologically

mixing topological dynamical system (X, T) and an uncountable set A C X such that

13



for every x € A, the sequence {TPzx} does not have x as a limit point, i.e. there is

no sequence of positive integers {n;} such that TPrix converges to x.

Theorem 2.1.19. For any increasing sequence {p,} of integers with the property
that for some integer d, ppi1 < (Ppi1 — pn)® for all sufficiently large n, there exists a
totally minimal, totally uniquely ergodic, and topologically mizing topological dynam-
ical system (X,T) and a point x € X such that the sequence {TP"x} does not have
x as a limit point, i.e. there is no sequence of positive integers {n;} such that TPriz

converges to x. In addition, the space X is a connected 2d + 7-manifold.

The following simple lemma shows that if (X, T') is topologically mixing, then The-
orems 2.1.18 and 2.1.19 cannot be improved too much, i.e. there is no increasing
sequence {p,} for which we can exhibit topologically mixing examples with a second

category set of such nonrecurrent points.

Lemma 2.1.20. If a topological dynamical system (X, T) is topologically mizing, then
for any increasing sequence {p,}, the set of v € X for which x ¢ {TPx} is of first

category.

Proof: Define C. = {z : d(z,TPx) > ¢ Vn € Z}. Tt is clear that C. is closed. We
claim that C, contains no nonempty open set, which shows that it is nowhere dense,
implying that C' = J, -, C 1 the set of points = for which x is not a limit point of
{TPrz} is of first category. Suppose, for a contradiction, that there is a nonempty
open set U with U C C. for some e. Then, there exists V' with diam (V') < e such that

V C U C C.. By topological mixing, there exists n such that V N1~V # (). This

14



implies that there exists z € V so that TPz € V. Since diam(V') < ¢, d(x, TP z) < €.

However, x € V' C C,, so we have a contradiction.

Theorem 2.1.18 shows that it is possible for this set of points nonrecurrent along p,

to be uncountable though.

We mention that some mixing condition is necessary for a statement like Lemma 2.1.20;
as a simple example, consider an irrational circle rotation 7" : x +— x + « on the cir-
cle T. There is clearly some increasing sequence of integers {p,} such that p,«
(mod 1) — % Then, for any z € T, TPz — = + %, and so for every z € X, {T?P x}

does not have x as a limit point.

We also prove a result about simultaneous recurrence. Theorem 2.1.17 implies that
for any commuting minimal homeomorphisms 7" and S of a compact space X, there
exists a residual set of = for which there exists a sequence of positive integers {n;}
such that 7™z — x and S™z — x. The following theorem shows that for some
systems, it is the case that this residual set of z is not all of X. (In this particular

example, T and S are powers of the same homeomorphism.)

Theorem 2.1.21. There exists a totally minimal topological dynamical system (X, T)
and a point x € X such that for any positive integers r # s, any sequence {n;} of

integers satisfying T""ix — x and T*"x — x is eventually zero.

Before proceeding with the proofs, we now give a brief description of the content of

this chapter. In Section 2.2, we will describe some general symbolic constructions of

15



topological dynamical systems with particular mixing properties. At the end of this
section, we will arrive at a construction of a system which is totally minimal, totally
uniquely ergodic, and topologically mixing, and which has as a parameter a sequence

of integers {ny}.

In Section 2.3, by taking this sequence {n;} to grow very quickly, we will show
that the examples constructed in Section 2.2 are sufficient to prove Theorems 2.1.15
and 2.1.18. Some interesting questions also arise and are answered in Section 2.3
pertaining to the upper Banach density of countable unions of sets of upper Banach

density zero.

In Section 2.4, we create a flow under a function with base transformation a skew
product, which acts on a connected manifold, and which is totally minimal, totally
uniquely ergodic, and topologically mixing. This transformation has as a parameter
a function f € C(T). We use conditions of Fayad ([Fa]) on flows under functions
to achieve topological mixing, and some conditions of Furstenberg ([Fu]) on skew

products to prove total unique ergodicity.

In Section 2.5, by a judicious choice of f, we use the examples of Section 2.4 to prove

Theorems 2.1.16 and 2.1.19.

In Section 2.6, we prove Theorem 2.1.21.

Finally, in Section 2.7 we give some open questions about strengthening our results.

2.2 Some general symbolic constructions

Definition 2.2.1. An alphabet is any finite set, whose elements are called letters.
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Definition 2.2.2. A symbolic dynamical system with alphabet A is a topological
dynamical system (X,{o,}4ec) where for any g € G, o, is the shift homeomorphism
of @ = AC defined by (o,w)(h) = w(hg) for w € Q, and X is any closed subset of

invariant under each oy.

Definition 2.2.3. A word on the alphabet A is any element of AY for some finite

set F' C G. F is called the shape of w.

For any words v of length m and w of length n, we denote by vw their concatenation,
i.e. the word v[1]v[2]...v[m]w[l]w[2]...w[n] of length m + n. We denote by w* the

word ww ... w given by the concatenation of k copies of w.

Definition 2.2.4. Given any symbolic dynamical system (X, {c,}4ec), the language

of X, denoted by L(X), is the set of all words which appear as subwords of X .

All symbolic dynamical systems appearing in this chapter have alphabet {0,1}, G =
Z. We also restrict ourselves in this chapter to words with shape {1,...,n} for some
n. In other words, a word can be thought of for now as a finite string of letters

w =w(l)w(2)...w(n). The number of letters in a word w is called its length.

Definition 2.2.5. A word w of length n is a subword of a sequence u € ) if there
exists k € 7 such that u(i + k) = w(i) for 1 < i < n. Analogously, w is a subword
of a word v of length m if there exists 0 < k < m — n such that v(i + k) = w(7) for

1< <n.

We will outline three constructions which algorithmically create X such that (X, o)

have certain properties. (Here the “certain properties” in question depend on which
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construction is used.) It should also be mentioned that many ideas from these con-
structions are taken from work of Hahn and Katznelson ([HaK]), where they also
algorithmically constructed symbolic topological dynamical systems with certain er-

godicity and mixing properties.

Construction 1: (Minimal) We define inductively n; and Ay, which are, respec-
tively, sequences of positive integers and sets of words on the alphabet {0,1}. Each
word in Ay, is of length ny. (We will use the term “Ag-word” to refer to a member of
Ay, from now on.) We define these as follows: always define ny = 1 and A; = {0, 1}.
Then, for any k& > 1, ny44 is defined to be any integer greater than or equal to ny|A|
which is also a multiple of ng, and then Ag,; is chosen to be the set of words of
length n;; which are concatenations of Aj-words, containing each Ag-word in the

concatenation at least once.

We then define X to be the set of all x € Q2 which are limits of shifted A,-words. In
other words, x € X if there exist wy € A and my € Z such that for all large enough
i, x(i) = wi(i —my). Since 2 is compact, such z exist by a standard diagonalization
argument. It is easily checkable that X is closed and o-invariant. The claim is that
regardless of the choice of the integers ny, as long as ny divides ng,q, and ng; >
ng|Agl, (X,0) is minimal. It suffices to show that for any y € X, {6y} nez = X.
Choose any y € X and w € L(X). By the definition of X, there exists k and some
Ap-word wy, such that w is a subword of wy. wy is an Ag-word, so by definition,
every Ag.1-word contains wy, and therefore w, as a subword. Finally, note that again

by the definition of Construction 1, y is an biinfinite concatenation of Ay, -words.
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This implies that y(1)...y(2n41) contains some Aiyq word, and therefore w, as a
subword, and so there exists n € Z so that ¢"y begins with w. Since w was an

arbitrary word in L(X), this implies that {o"y},cz = X, and so (X, o) is minimal.

O

So, we have now demonstrated a way of constructing minimal (X, o). We will now

make this construction a bit more complex in order to make (X, o) totally minimal.

Construction 2: (Totally minimal) We define inductively ny and Ay, which are,
respectively, sequences of positive integers and sets of words on the alphabet {0,1}.
Each word in Ay is of length ny. We define these as follows: always define ny = 1
and A; = {0,1}. Then, for any k > 1, ny1 is defined to be any integer greater than
or equal to (k!)?ng|Ag| + k! 4+ n2, and then A, is chosen to be the set of words w of
length ny; which are concatenations of Ax-words and the word 1 with the following
properties: the word 1 does not appear at the beginning or end of w’, only a single
1 can be concatenated between two Aj-words, and for every w’ € Ay, and for every
0 < i < k!, w appears in w’ at an ¢ (mod k!)-indexed place. That is, there exists
m =i (mod k!) with w(m)w(m +1)...w(m + ny — 1) = w'. From now on, to refer
to this second condition, we say that every w’ € A occurs in w at places indexed by

all residue classes modulo k!.

Since this construction is a bit complicated, a few quick examples may be in or-
der. Suppose that ny = 6, |As| = 4, and we choose n3 = 134. Say that Ay =
{a,b,¢,d}.Then w = abcdlabedldabedabeabedab is an Asz-word: each Ag-word ap-

pears at least once beginning with a letter of w with an odd index, and at least
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once beginning with a letter of w with an even index. Examples of words which
would not be As-words include abedllabeddabedababeabed (1 is concatenated twice
between d and a), abedalbedldbedaabebbbbde (occurrences of the word a begin only

with even-indexed letters), or abedldcbabedabedabedadb (wrong number of letters.)

We can then define X to again be the set of all x € {2 which are limits of shifted
Ag-words. For this definition to make sense, it suffices to show that A is nonempty
for all k, since if this is true then X # @ by compactness of €2 and a diagonalization
argument just as in Construction 1. A; is nonempty, so it suffices to show that A, # &
implies Axy1 # @ for all k. For any k, assume that w, € Ai. Then, enumerate the

| | !
elements of Ay by wy = ay,as,...,a4,, and define the words uy; = a’f'ag‘ o a‘kAH

g1 —kl(kng|Ap|+1)—i(ng+1)
! ! n
and w' = (ugp411)" (a11)'a, k

, where i = ny1—k! (mod ny). Since
ngr1 > (K)?*ng] Al + k! +n2, w' exists, and is a concatenation of Aj-words and the
word 1 with length ng, 1. In w’, at most a single 1 is concatenated between any two
Ag-words, and 1 does not appear at the beginning or end of w’. Also, since the length
of up, is divisible by k!, and since all Ag-words are subwords of uyq, all Az-words
appear in (upy11)F at places indexed by all residue classes modulo k!, and so all
Ap-words appear in w’ at places indexed by all residue classes modulo k! as well.

Therefore, w' € Ay, 1, and so Ag,; is nonempty.

We will show that (X, o) is totally minimal. Fix any m > 0. We wish to show that
for any y € X, {o™y}nez = X. Choose any such y, and fix any word w € L(X).
By definition of X, there exists k and an Aj-word wy such that w is a subword of

wg. Without loss of generality, we assume that & > m. By the construction, wy
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occurs in every Ay i-word, and it occurs at places indexed by every residue class
modulo k!. Since k > m, in particular this implies that wy, and therefore w, occurs
in every Ay, i-word at places indexed by every residue class modulo m. By definition
of Construction 2, y is a biinfinite concatenation of Ay,;-words and the word 1.
Therefore, y(1)...y(2ng41 + 2) contains some Ayyi-word as a subword, and so w
occurs in y(1)...y(2nk1 + 2) at places indexed by every residue class modulo m.
There then exists n so that ¢""y begins with w. Since w was an arbitrary word of
L(X), this shows that {o™y},cz = X, and since m was arbitrary, that (X, o) is

totally minimal.

We now define one more general type of construction, again more complex than the
last, so that the system created is always totally uniquely ergodic and topologically
mixing, in addition to being totally minimal. For this last construction, we first need

a couple of definitions.

Definition 2.2.6. For any integers 0 < i < m and k, and w € Ap_1 and w' €
Ay, we define fri, (w,w’) to be the ratio of the number of occurrences of w as a
concatenated Ay_1-word at i (mod m)-indexed places in w' to the total number of

Ap_1-words concatenated in w'.

We consider any positive integer to be equal to 0 (mod 1) for the purposes of this
definition. An example is clearly in order: if A; = {01,10}, w = 01, (in Construc-

tions 2 and 3, A; is always taken to be {0,1}, but here we deviate from this for
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illustrative purposes) and w’ is the As-word 01]10|1|01|10 (here vertical bars show
where breaks in the concatenation occur), then w occurs twice out of four A;-words,
so fry (w,w') = 3. Since one of these occurrences begins at w'(1) and one begins at
w'(6), fris(w,w') = friy(w,w') = ;. We make a quick note here that there could
be some ambiguity here if an Ay ;-word could be decomposed as a concatenation of
Ay, words and ones in more than one way. For this reason, we just assume that when
computing fr7; (w,w"), the definition of the Ay, word w’ includes its representation
as a concatenation of Ag-words and ones. (i.e. in the example given, w’ is defined
as the concatenation 01|10[1|01|10 of A;-words and ones, rather than the nine-letter

word 011010110.)

Definition 2.2.7. Given any words w' of length n' and w of length n < n’, and any
integers 0 < i < m, define fr;,(w,w’) to be the number of occurrences of w at i

(mod m)-indexed places in w', divided by n’ —n + 1.

Taking the previous example again, fro;(w,w’) = %, since 01 occurs three times as
a subword of 011010110. Since two of these occurrences begin at letters of w' with

even indices and one begins at a letter of w’ with odd index, froz(w,w’) = 2 and

frig(w,w') = 3.

Construction 3: (Totally minimal, totally uniquely ergodic, and topologi-
cally mixing) We define inductively nj and A, which are, respectively, sequences
of positive integers and sets of words on the alphabet {0,1}. Each word in Ay is of
length ng. We define these as follows: always define ny = 1 and A; = {0,1}. Then,

we fix any sequence {dy} of positive reals such that > ;- dj, < co and define, for each
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k > 1, some ngy3 = Cr(k + 1)!|Ag|ni + p for any integer Cy > ny > i and prime
ng < p < 2n;, (We may choose such a p by Bertrand’s postulate. [HaW]) Note that
this implies that (ng, k!) = 1 for all £ € N. We then define Ay, to be the set of words

w’ of length ny 1 with all of the same properties as in Construction 2, along with the

property that, for any w € Ay, and for any 0 <7 < k!, frj,(w,w') € [;ITXQ, ;!lef'].

X is again taken to be the set of x € ) which are limits of shifted Ag-words. For
this definition to make sense, it suffices to show that A is nonempty for all k, since
if this is true then X # @ by compactness of {2 and a diagonalization argument
just as in Construction 1. A; is nonempty, so it suffices to show that A, # &
implies A1 # @ for all k. For any k, assume that wy, € Ai. Then, enumerate the
elements of Ay by wy = ay,as,...,a4,, and define the words uy, = a’f!a;“! o a‘k}m
and w' = (upy1)*FD7P (4, 11)P. Clearly for large k, w’ exists, and is a concatenation
of Ap-words and the word 1 with length n;;. In w’, at most a single 1 is concatenated
between any two Ag-words, and 1 does not appear at the beginning or end of w’. Since
(ng, k') = 1, for every 0 < i < k! and z € Ay, x appears in uy; exactly once as a
concatenated Aj-word at an i (mod k!)-indexed place. Therefore, x appears in w’
exactly Ci(k+1) times as a concatenated Ag-word at ¢ (mod k!)-indexed places, and
Since i and z were arbitrary, w’ € A1, and so A1 # O.

50 fﬁ,k!(% w') = \Ak|1nkk!'

(X, 0) is totally minimal by the same proof used for Construction 2. We claim that
(X, o) is also totally uniquely ergodic. Take any word w € L(X), and any fixed integer

j. We define two sequences {mg )} and {M ,S' )} as follows: m,(cj ) is the minimum value
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of fr;j(w,w"), where 0 < i < j and w’ ranges over all Az-words, and M,gj) is the
maximum value of fr; ;(w,w’), where 0 < i < j and w' ranges over all Aj-words.

Suppose that m,(cj ) and M ,Ej ) are known, and that k > j. We wish to show that m,(jil
and M, 15{21 are very close to each other. Let us consider any element w’ of Ay and,
for any fixed 0 < 7 < j, see how few occurrences of w there could possibly be at ¢
(mod j)-indexed places in w’. By the definition of Construction 3, for every w” € Ay,
and 0 < ¢’ < k!, the ratio of the number of times w” occurs as a concatenated Aj-word
in w’ whose first letter is a letter of w’ whose index is equal to ¢ (mod k!) to the total

number of A,-words concatenated in w’ is at least - Since j divides k!, then for

lc'|A -
any 0 < ¢’ < j, the ratio of the number of times that w” occurs as a concatenated Ay-
word at i’ (mod j)-indexed places in w’ to the total number of Aj-words concatenated

in w is at least %

‘ A . Since the total number of Aj;-words concatenated in w’ is at

least Z’“jrll, this implies that the number of such occurrences of w” in w’ is at least

1—dy,
JlAk| nk+1

L for any i’ and w”. For any w” and 4, the number of times that w occurs at i

(mod j)-indexed places in w’ as a subword of an occurrence of w” that occurs at an ¢/

(mod j)-indexed place in w is then at least ;Md’“‘ e (= [w|+1) frici (mod j).4(w, w").

Summing over all w” € A and 0 < ¢’ < j, the number of occurrences of w in w’ at i

(mod j)-indexed places is at least

j—1
ng — ’w’ +1 Zw”eAk Zinzo frm,j(w’ w//>

1-d
(1= dieJnpa ne + 1 A

Since w’ was arbitrary in A, and 0 < i < j was arbitrary,
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i—1
mY > (1 — dy) N+1 ng — jw| +1 Zw”eAk an:o JTm (w, w”).
= N1 — |w[+1  np+1 Jl Ak

Let us now bound from above the number of occurrences of w in w’ at ¢ (mod j)-
indexed places. By precisely the same reasons as above, for any 0 < 7 < j, the
number of occurrences of w at ¢ (mod j)-indexed places which lie entirely within a

concatenated Ai-word in w’ is not more than

i—1
Ng — |’LU‘ +1 Zw”eAk Zin:() frm,j (w7 'lU//)

(1 + di)ru 1 .

n 71 Ak]

(The denominator of the first fraction changed because there are at most nfl—:l Ap-
words concatenated in w’.) However, it is possible that there are occurrences of w
in w’ which do not lie entirely within a concatenated Aj-word in w’. The number
of such occurrences of w is not more than |w| + 1 times the number of concatenated
Aj-words in w', which in turn is less than or equal to (Jw|+ 1)=*. This means that

the number of occurrences of w at i (mod j)-indexed places in w’ is bounded from

above by

i1
g, — (Wl + 12 e, 2meo fTmj(w,w")
ng 31 Ak|

n
+ (Jw] + 1) =4,
ng

(1 + di)ngsa

and since 0 <7 < 7 was arbitrary, this implies that

i—1
) Nj41 g — (0] + 12 ren, 2omeo [Tmj(w,0")
Mk+1 < (1+dy) — -
Nkg+1 |U)| +1 g j|A1€|
Nk+1 lw| + 1

+
ngr1 — |wl+ 1 ny

This implies that
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j—1
Nk ng — ”LU’ +1 Zw"EAk ZZnZO f’l"mJ(w’ w”)

MO )
N1 — |w| + 1 g 71 Ak|

k+1 k+1

< 2dj,

Tk+1 jw| +1

+
ngr1 — |wl+ 1 ny

Since fry, j(w,w”) <1 for every 0 < m < j and w” € Ay, for large k this shows that

M,gi)l m,(c b1 < 2dy + M which clearly approaches zero as k — oo.

We now note that since

i—1
) Meer g — w1 wrea, 2o S Tm.i(w, w")
mylyy 2 (1 —di) — A 5

Nk+1 ‘U}‘—i‘l ’)”Lk—|—1 | k’
and since by definition fr, ;(w,w”) > mk for all w” € A, we see that m,(ﬁl >

. N1 ngp—|wl+1_(4)
(1 k)nk+1—\w\+1 e and so

() D > @11 — d\(1 |w] Cwl =1y
; w w
> —m,(j)(dk + —nll +| 1) > —(dk + %)

By almost completely analogous reasoning, for large k

—1 lw| —1
MY — MY < MP[(1+ di)(1 [ 1— 1
P10+ g+ ey - M=) -y
1 j 1 2 1
N N1 |w| + < M,ﬁ’)dk L M <d+ lw| +
N1 — [w[+1 ng Ny ny,
Therefore,
; 2 1 2 1
Tk Nk—1 n
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<m? 4 2dy_y + di + 4‘w‘—+3,

Nk—1
SO \mkH )| < dy +2dp_; + 4|w‘+3 In a completely analogous fashion, ]M,EJH
Mk] | < di+2dk_1 + % We know that >".° | dj converges, and since nj, > 2" for
all k&, Zzil L converges as well. Therefore, we see that the sequences {m,(gj )} and
{M } are Cauchy, and converge. Since we also showed that M,’ G) m,(g ) 0, we
know that they have the same limit, call it a.
This implies that for very large &, | fr; ;(w, w')—a| is very small for every 0 < ¢ < j and
w" € Aj. We claim that this, in turn, implies that for very large N, | fr; ;(w, w”)—al is
very small for every word w” € L(X) of length N: fix any € > 0, and take k such that
|frij(w,w') —al < § forevery 0 <i < j and w' € A, and such that 1;—':" < §. Then
for any word w” € L(X) of length at least 2, w” is a subword of a concatenation
of Ap-words and copies of the word 1. The number of full Ag-words appearing in
the concatenation forming w” is at least ‘w—+|1 — 2, and at most |wk‘ So, the number
of occurrences of w at i (mod j)-indexed places in w” which are contained entirely
within a concatenated Aj-word is at least (W —2(ny — |w|+ 1)) (a— %) >
(1= £) = £)(a—£) > [w”|(a—¢), and at most [w”| L1 (0 4 ) < [w|(a+ ).

. 1 11
Since there are at most —(|w|:k)‘“’ |

< |w"|{ occurrences of w not contained entirely
within a concatenated Ai-word, this implies that fr;;(w,w"”) is at least a — €, and
at most o + €. Since for any € > 0, this statement is true for any long enough word
w” € L(X) and 0 < i < j, we see that 2 5" "y}, (6¥y) — a uniformly for y € X.

Since w was arbitrary, and since characteristic functions of cylinder sets are dense in

C(X), 2577 f(o6"y) approaches a uniform limit for all f € C(X), and so (X, 07)
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is uniquely ergodic for every j € N. Since an invariant measure for (X, o) would be
invariant for any (X, 07) as well, the unique invariant measure is the same for every
]

Finally, we claim that (X, o) is also topologically mixing. Consider any words w, w’ €
L(X). By construction, there exists k so that there are Ag-words y,y" with w a
subword of y and w’ a subword of y/'. We also claim that for any "2 < i < ST”“T“, there
exists an Ayyq1-word b; where b;(i+1)b;(i+2) ... b;(i+ny) = y, and similarly b, € Agq
with b, (i+1)0,(i+2) ... bi(i+nx) = y'. We show only the existence of b;, as the proof for
b} is trivially similar. Consider any "= < 4 < wj%, and take j =i (mod ng). Then,
if we enumerate the elements of Ay, by ai,aq, ..., a4, first define the word uyy =

k! k!

at'as ...afy |, and then define the word y; = (Up11)7 (wgpy )CEEFDP

(up1 )P,y

has the property that y;(i+1)y;(i+2) ... y;(i+ny) is a concatenated Ag-word in y; as

long as y;(i41)y; (i +2) ... y; (i +ny) lies in the subword (w11 )**+D=P of g;, which is
true for large k and 7 € (n’“(%, ‘rka“) This means that if we reorder ay, ..., a4, in the

definition of w1, we may create a word b; where b;(i + 1)b;(i +2) ... b;(i + ng) = .
b; € Ajyq, since for every 0 < i < k! and x € A, = appears exactly C'(k + 1)
times in b; as a concatenated Ag-word at ¢ (mod k!)-indexed places, implying that
Jrim(x, b)) = \Akln 7 (This uses the fact that (ny, k!) = 1, which was already shown.)

We create b’ in the same way for each 7. Since w is a subword of y and w’ is a subword
A

of i/, for every ™ 4y < i < Sn’fT“ — ny, it is easy to choose a word z; to be b;
for properly chosen j so that z;(i + 1)...z(i + |w|) = w, and similarly z, so that
Zi(i+1)...2[(i + |w'|) = w'. For large k, this means that we can construct such z;

4
and 2 for any i € ["EH AL
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We will now use these z; and 2] to prove that for any n > |w| + ny41, there exists a

word x € L(X) of length n such that wzw’ € L(X). We do this by proving a lemma:

Lemma 2.2.8. For anyt > k+1, and for any 0 < 4,7 < n; such that there exists an
As-word x where x(i+1)x(i+2) ... x(i4+nge1) and x(j+1D)x(j+2) ... x(j+ngp1) are
concatenated Ay 1-words in x, and for any two Ay 1-words z and Z', there exists an
A-word x' where ¥’ (i +1)2' (i +2) ... 2" (i +ngs1) =z and 2'(j+ 1)’ (j+2) ... 2'(j +

le+1) =2z.

Proof: We prove this by induction. First we prove the base case t = k + 2; take an
Apio-word x where z(i+ 1)xz(i+2) ... x(i+npp1) and z(j+ Da(§ +2) ... 2(j + ngs1)
are concatenated Ay i-words in x, call them a and b respectively. Since x is an Ay, o-
word, there exists an occurrence of z at an (¢ (mod (k+1)!)) (mod (k+ 1)!)-indexed
place, i.e. there exists i’ = i (mod (k + 1)!) such that z(¢ + 1)x(i' + 2)...2(¢ +
Ngv1) = z. Similarly, there exists 7 = j (mod (k + 1)!) such that x(j" + 1)x(j’ +
2)...2(j'+nks1) = 2. We now create ' by leaving almost all of x alone, but defining
2 (i+1). . 2 (i nge) = 2, 2" (G+1) . 2/ (GHnes) =2, (@ +1) .2 (i) = a,
and /(5 +1)...2'(j' + ngs1) = b. This new word 2’ is still a concatenation of A, 1-
words and ones, and since we switched two pairs of Ag,i-words which occurred at
indices with the same residue class modulo (k + 1), fry .y (w,2) = fr gy (w, 2')
for all 0 < i < (k+ 1)! and w € Agyq. Therefore, 2’ is an Ay o-word, with z and 2/

occurring at the proper places, completing our proof of the base case.

Now, let us assume that the inductive hypothesis is true for a certain value of ¢,

and prove it for ¢t + 1. Consider an A;y1-word = where z(i + 1) ...2(i + ngy1) and
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z(j +1)...2(j + nky1) are concatenated Ayyq-words in z, call them a and b. Call
the concatenated A;-word that z(i +1)...2(i + ngsq) is a subword of @/, and denote
by ¢’ the corresponding As-word for x(j + 1)...x(j + ngy1) . From now on, when
we speak of these words a, b, a’,b’, we are talking about the pertinent occurrences at
the places within x already described. There are two cases; either a’ and b’ are the
same; i.e. the same A;-word in x, occurring at the same place, or they are not. If o
and b' do occur at the same place, then by the inductive hypothesis, there exists an
A-word ¢ with an occurrence of z at the same place as a occurs in ' = ¥, and an
occurrence of z' at the same place as b occurs in o’ = V. If we can replace o’ = ¥t/
by ¢ in x, then we will be done. If ¢’ and ' do not occur at the same place, then
since a is a concatenated A, i-word in o', by the inductive hypothesis there exists
an A;-word a” such that a” has z occurring at the same place where a occurs in a'.
Similarly, there exists an A;-word b” such that b” has an occurrence of 2" at the same
place where b occurs in b'. If we replace a’ by a” and b by b” in x, then we will be
done. So regardless of which case we are in, our goal is to replace one or two chosen
As;-words within x with one or two other A;-words. We will show how to replace
two, which clearly implies that replacing one is possible. We wish to replace a’ by
a” and O’ by b”. We do this in exactly the same way as in the base case; say that
a =z +1)...2({' +n) and v = z(5’ +1)...2(j + ny). Since o’ € A, there
exists ¢’ = i (mod #!) and j” = j’ (mod #!) such that z(i" +1)...2(:" + n;) = a”
and z(j” + 1)...2(3” + n) = V’. As in the base case, we create 2’ by making

o ('+1) .. .2 (i +ny) = a” and 2/ (I"+1) .. 2 () = d, 2 (L) L2 () =1
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and 2'(j” +1)...2/(5” + ) = V. Then 2’ is an A;1-word, and by construction

Za+1). .2+ ne)=zand 2'(j+1)...2/(§ + nkw1) = 2.

Choose any sequence {v,,} of A,,-words for all m > k + 1. For any such m, take
P, =A{n : vpn+1)...v,(n 4+ ngy1) is a concatenated Ag,; word in v,,}. Since

Um 18 a concatenation of Ag,i-words and ones, if we write the elements of P, as

P < i << pi™ then for any 1 < I < ¢, pl(fl) — p\™ < ey + 1. For any

l1<l<tandi,je [, 4"%}, by Lemma 2.2.8, there exists an A,,,-word v with the

property that v(p{™ +1) ... v(p™ +nps1) = z and v(P™ +1) .. v(P™ +npyy) = zj.

This implies that there is a subword of v of the form wzw’ where the length of x is

p,(m) —pY”) +(j—1i)—|w|. We note that j—1 can take any integer value between —37”“%

3ng41

and =

inclusive. Therefore, the set of possible lengths of x for which wzrw’ € L(X)

contains

t

(m) (m) 3nk+1 3nk+1
Ul i =i+ (51, ety

When [ is increased by one, pl(m) is increased by at most nyy1 + 1. This, along with

the fact that the intervals [+ 3%41) have length MT“, which for large k exceeds

5 5
kst + 1, implies that this set of possible lengths of v contains [Jw| + pi™ — p{™ —

Bl | + ™ — pim S1] S [|w| + nggrs [w] + Ny — 2ng41]. Since this entire
argument could be made for any m, we see that for any n > |w| 4 ng,1, there exists

r € L(X) of length n so that wxw' € L(X). Then, for any nonempty open sets
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U, V. C X, there exist w and w’ such that [w] C U and [w'] € V. By the above
arguments, there exists N so that for any n > N, [w] N o™[w] # 0, implying that

UNo™V # (). This shows that (X, o) is topologically mixing.

2.3 Some symbolic counterexamples

Proof of Theorem 2.1.15: We take the continuous function f(y) = y(0) for all
y € X, and first note that

N-1

1
{y eX : N nZ:O f(oPry) does not converge}

> (NU{vex : s v < 1} )0

n>0k>n

(NU{vex : st ..ve >3}

n>0 k>n

and that the latter set, call it B, is clearly a G5. We will choose ny so that B is dense
in X. This will imply that B is a dense Gy, and since X is a complete metric space,
by the Baire category theorem, that B is residual, which will prove Theorem 2.1.15.

Now let us describe the construction of {ny}.

Recall that we have assumed that the sequence {p,} has upper Banach density zero.
We define A := {p, : n € N}. We also define the intervals of integers B; =
27!, (7 + DI NN for every j € N, and take any partition of N into infinitely many

disjoint infinite sets in N, call them C4,C5,.... Define the set D; = Ujecl Bj, and
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then define the set Ay = {p, : n € D1}+1. Next, choose some ry large enough so that

(min C,,)! > 2-2, and define Dy = B;, and then define Ay = {p, : n € Dy}+2.

jeCh,
Continuing in this way, we may inductively define Ay, Dy, for all k¥ € N so that for

all k, D, = U B; for some r, with the property that (minC;,)! > 2k, and

jeC,
A, = {pn : n € Dy} + k. We will verify some properties of these sets. Most
importantly, we denote by H the union | J -, A,, and claim that d*(H) = 0. We

show this by noting that H has a certain structure; H consists of shifted subintervals

of A, separated by gaps which approach infinity. More rigorously:

Lemma 2.3.1. There exist intervals I;, = lay,by] NN and integers j, such that
H =2, ((ANLy)+jk) and such that limy_.o (min ((ANTks1) + jrr1) —max ((AN

]k:) +]k)> = Q.

Proof: Take the set Q = ;- C,,, and denote its members by ¢; < ¢ < ....

.
Then, for any k, B,, is a subset of some D,. The interval I; is then defined to be
[D2(gi)t> Plgrt1)n)s (Which means ay = pag,) and by = pg,(q,)1) and ji is defined to be s.
It is just a rewriting of the definition of the Ay that H = (J;—, ((ANI) + ji) with
these notations. All that must be checked is that limy_. (min ((A N 1jy1) +jk+1) _
max (AN 1) + jk)> — c0. We will show that ag1 + just — bx — ji — 00, which
implies the desired result. Since qry1 > qx, akr1 — b = (qer1)! > (gx)!. So, we must
simply show that (gx)! — jr — oo. Suppose that By, is a subset of Dy. Then ji = s.
We also note that by construction, (minC,,)! > 2s. But, since B, C Dy, ¢ € C,,,

and so min C,., < gg. Therefore, (¢x)! > 2s, and so (qx)! — jr = (q&)! — s > %, which
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clearly shows that this quantity approaches oo, since {qx} is an increasing sequence

of integers.

We now prove a general lemma that implies, in particular, that d*(H) = 0.

Lemma 2.3.2. If d*(A) = 0, and if there exist intervals I}, = |ax, by) NN and integers
Jr such that limy_, o <min ((A N Iiq) +jk+1) — max ((A NIy)+ ]k)) = 00, then the

set B = ;- (AN I;) + jx has upper Banach density zero.

Proof: Fix e > 0. By the fact that d*(A) = 0, there exists N such that for any interval

|ANJ]|
7]

J of integers of length at least NV, < €. Take J to be any interval of integers of
length exactly N. Since limy_ (min ((Aﬂ[kH) +jk+1) —max ((Aﬂ]k) —l—jk)> = 00,
there is some K such that if J has nonempty intersection with (AN Iy) + ji for some
k > K, it is disjoint from (A N I}) + ji for every k' # k. Therefore, for intervals

J of integers of length N with large enough minimum element, J N B consists of a

subset of a shifted copy of JN A, and so ‘B“?l‘]‘ < VE,"] 1 for some interval J' of integers
whose length is also N. This means that in this case, |B|9‘J| < €. We have then shown

that for every e, there exist N, M such that for any interval of integers J of length

N with minJ > M, 'E[;'J' < e. We will show that this slightly modified definition
still implies that d*(B) = 0. Again fix € > 0, and define M and N as was just done.
Now consider any interval of integers I with length at least w Then, partition [

into subintervals: define Iy = I'N{1,..., M}, and then break I'\ I, into consecutive

subintervals of length N, called I, I, ..., I;. There may be one last subinterval left
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over of length less than N; call it I;,; (which may be empty.) Note that |I| > Nk,

or % < 1 . We see that

k
\BNI| BN | BN I |Bm]k+1| < > N
= +_
1| 1| Zl 1| 1| !f| 1] ; 1|
M+N 1
< —(ke) < 2e.
S + k:( €) €
Since € was arbitrary, d*(B) = 0.
UJ

By combining Lemmas 2.3.1 and 2.3.2, d*(H) = 0. We will now create X. We note
that this part of our construction uses only the fact that d*(H) = 0, and no other
properties. We take n; = 1 and A; = {0, 1}. We recall that {n,} must be a sequence
of integers with the following properties: for all &k > 1, ngr1 = Ci(k + 1)!|Ag|nk +p
for some positive integer Cy > ny > i and prime n, < p < 2n,. We also require ny

to grow quickly enough so that for all k£, and for any interval of integers I of length

|INH| di
S W Agng

at least myy1, That we may choose such n; is a consequence of the

fact that d*(H) = 0. Using these ny, we define Ay as in Construction 3. We now

prove a lemma:

Lemma 2.3.3. For any k € N;m € Z, and for any u € {0,1}Y, there exists an

Ap-word vy g m such that vy g, (i —m) = u(i) for alli € HN[m+ 1,m+ ny.

Proof: This is proved by induction on k. Clearly the hypothesis is true for £ = 1

and for any u,m. Now suppose it to be true for a particular k. We will show
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that it is true for £ + 1 and every u,m. We again construct an auxiliary word

up4+1: enumerate the elements of Ay by ay,as,...,a14,]. Then, we again define the
_ k! k! k! P Cr(k+1)— _
word wg1 = ayay ...afy, . Define vj ;= (wps11)?(Ups1) kD=2 where npy, =

Cr(k + D)!|Ag|nk + p as above. We note that for any 0 < 7 < k!l and w € Ay,
w occurs exactly Ci(k + 1) times as a concatenated Ag-word at ¢ (mod k!)-indexed
places in vj_ ;. (This uses the fact that (ny,k!) = 1 for all k, which has already
been shown.) Now, fix m € Z. We wish to construct an Ay i-word vy gi1,m, such
that vy gr1m(i —m) = w(i) for all i € H N [m+ 1,m + ngyq). We begin with the
App1-word vy . Clearly it is not necessarily true that vj_ (i —m) = u(i) for all
i€ HN[m+1,m+ ngy1]. We force this condition to be true by changing some of the
Ap-words concatenated in vj, ;. We show that this is possible; for any concatenated
Ap-word in vy, say vj_ ()1 (7 +1) ... v 1 (7 +ni — 1), the necessary condition is
that ones or zeroes (depending on u) be introduced at digits whose indices are of the
formi—m foralli € HN[m+j+1,...,m+j+n;—1]. To do this, we replace this A-
word by vy k.m+;, which by the inductive hypothesis has the correct digits of u at the
desired places. So, we may change vy, into a concatenation of Aj-words and ones,
call it vy, g+1m, which has the proper digits of w in all desired places. This may be done
by changing at most |[HN[m+1,...,m+ng]| < 22;774% < Cr(k + 1)dy, Ag-words.
Therefore, since for any 0 <7 < k! and w € Ay, w occurred in v; ; as a concatenated
Ag-word at i (mod k!)-indexed places exactly Ci(k+1) times, w occurs in vy g1, as

a concatenated Ag-word at i (mod k!)-indexed places between Cy(k +1)(1 — dj) and

Cr(k +1)(1 + di) times. This implies that f7;,(w, ver1,m) € Li!%fﬁ? ,;T—Iéi"'], and since
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i and w were arbitrary, that viyiq ., is an Axyq-word. By induction, Lemma 2.3.3 is

proved.

This implies in particular that for every u, k there exists an Ag-word vy, g —n,_, With
Vukng, (0 + ng—1) = u(i) for all ¢ € H N (—=ng_1,...,n, — ng_1). By a standard
diagonalization argument, there exists a sequence {k;} and x € 2 such that for
all i € Z, z(i) = vu7kj,,nkj71(z’ + ng,—1) for all large enough j. Since for every j,
’U'U«vkj:*nkj—l(i +np;—1) = u(i) for all i € H N (—ng,—1,nk; — ng;—1], clearly (i) = u(i)
for all ¢ € H. Since x is a limit of shifted Az-words, x € X. As mentioned above,
this entire construction could be done with any set of zero upper Banach density in

place of H, which lets us state the following corollary:

Corollary 2.3.4. For any C C N with d*(C) = 0, there ezists (X, o) totally mini-
mal, totally uniquely ergodic, topologically mizing, and with the property that for any

sequence u € {0, 1}, there exists x, € X such that z,(i) = u(i) for alli € C.

We use Corollary 2.3.4 to create (X, o) which proves Theorem 2.1.15. Recall that
H = J,2; Ay, where A, = {p, +k : n € Dy} for all k, Dy = UjeCTk B; for some
rg, and B; = [27!,(j + 1)!] NZ for all j. For each k, we write the elements of C,,
in increasing order as c%), cg), ... We now decompose H into two disjoint subsets;
define H, = {m € H : m = p, + k for some n € B; where j = c&? for odd i},

and H. = {m € H : m = p, + k for some n € B; where j = c&? for even 7}.

Since d*(H) = 0, we use Corollary 2.3.4 to create a totally minimal, totally uniquely
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ergodic, and topologically mixing (X, o) and = € X with z(n) = 0 for n € H, and
xz(n) =1 for n € H.. Recall that we wish to show that for the continuous function
[y~ y(0) from X to {0,1}, the set of points y such that - SV F(oPmy) does

not converge is residual. We showed earlier that it is sufficient to show that the set

= (NU{rex s rua0um..oto) < 1)

n>0 k>n

(NUfvex : rmaumsten...om > 2})

n>0 k>n

is dense in X. Fix any j € Z. By the construction of H, {n : j+p, € H} = Dy
for some k, xz(i) = 0 for all i € H,, and z(i) = 1 for all i € H,.. In particular,
z(j+pn) =0 for all n in Bc&) for odd i and z(j +p,) =1 for all n in Bc%) for even i.
But then for any odd integer i, (67z)(p,) = 0 for all integers n € [2(0&2)!, (c%c) + 1)1,

and so

(4)

) . ) el — 1
Froa(0.2) () () . ()0 g.00) > T
Tk

which is clearly larger than % for sufficiently large k. Similarly, for any even integer

i, (692)(py) = 1 for all integers n € [2(¢"))!, (£ + 1)1], and so

froa(0, (072)(p1) (0" 2) (pa) - . (ij)(P(csi,gﬂ)!)) < C&)Z_‘_ 1

which is clearly less than % for sufficiently large k. Therefore, c/x € B. Since j € Z
was arbitrary, the orbit of x is a subset of B. Since X is minimal, B is dense, which

completes the proof of Theorem 2.1.15.
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We note that this proof in fact shows that the set

(ﬂ U {y € X ¢ froa(0,y(P)y(p2) - - y(pa)) < %})m

n>0 k>n

(NU{rex : rmu0ume..om > 2 1)

n>0k>n
is a residual set in X, and so we can also say that for a residual set of y € X,

liminf v o % Zf:[;ol f(oPry) = 0 = infex f(z) and limsup,_, % 271;7;01 floPry) =
1 =sup,cy f(2).

Proof of Theorem 2.1.18: We use Corollary 2.3.4. Consider any set C' = {p, }nen
with d*(C) = 0. Choose any set C" C N with (C +1) Cc C', 1 € ', d*(C") = 0,
and |C"\(C' + 1)| = oco. Denote the elements of C"\(C' + 1) by by < by < ...
By Corollary 2.3.4, we may construct a totally minimal, totally uniquely ergodic,
topologically mixing (X, o) with the property that for every u € {0, 1}, there exists
x, € X with 2,(i) = u(i) for all i € C’. For every v € {0, 1}, define some u, €
{0, 1} by u,(1) = 0, uy(a) = 1 for all a € C' + 1, and u,(by) = v(k) for all k € N.
Then, for any such v, z,, (i) = 1 forall i € C + 1, z,,(1) = 0, and x,,(bx) = v(k)
for all K € Z. Since for all n € N, p, +1 € C + 1, (oPxy,)(1) = zy, (pn + 1) = 1,
whereas z,,(1) = 0. It is then clear that z,, is not a limit point of {¢”"z,,}. Since
Ty, (br) = v(k) for all k € N, x,,, # z,, for v # ', and so the set {zy, foeqoyv 18

uncountable.
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It is natural to wonder about one aspect of the proof; why is it that in our construc-
tion, we only force certain digits to occur along shifted subsets of A, rather than
along entire shifted copies of A? The reason comes from a combinatorial fact which

is somewhat interesting in its own right:

Example 2.3.5. There exists a set D C N with d*(D) = 0 with the property that for
any infinite set G of integers, the set D+ G ={d+g : d € D,g € G} has upper

Banach density one.

Proof: We begin with the sequence d,, = 3"z, where |n|, is the maximal integer
k so that 2¥|n. So, {d,} begins 1,3,1,9,1,3,1,27,1,3,1,9,1,3,1,... Then, define
cn = > i dy. {c,} is then an increasing sequence of integers, with the property that
the nth gap ¢, 41 — ¢, is d,41 for all n. We first claim that d*({c,}) = 0. Choose any
positive integer k, and any 2 + 1 consecutive elements ¢;, ..., ¢; 1o of the sequence
{c,}. There must be some integer j € [0,2% — 1] such that 2%|i + j. This means
that 3k|di+j, and so that ¢; on —¢; = Z;ﬁj*l dpy > dipj > 3*. This means that

any interval of integers of length less than 3* can contain at most 2* elements of

2k+1

{cn} for any k, which implies that d*({c,}) = 0 since limj_,o 5 =

0. Therefore,
if we construct a new sequence by increasing the gaps {d,}, it will still have upper
Banach density zero. We will change {d,} countably many times, never decreasing
any element. In other words, we inductively construct, for every k € N, a sequence

{dff)}, so that these sequences are nondecreasing in k, i.e. d%k) > dslkfl) for all n, k.

We add the additional hypothesis that for every k, d({n : d¥) > d,}) =0, in other
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words that only a density zero subset of the elements of {d, } have been changed after

any step.

Step 1: We change d,, for some infinite, but density zero, set of n, so that for every
positive integer m, there exists n such that d, = m. This is clearly possible; for

example, by increasing d,, for a density zero set of odd n. Call the resulting sequence
{dn}.

Step k: (k > 1) Assume that we have already defined {d%kil)}, a sequence of integers
with the property that d'f " > d, for all n, and that d({n : dFY > d,}) = 0.
Define the set R, C N* by R, = {(a1,...,ax) : a; € N,ya; > 3*}. Since {n

dF Y > d,} has density zero, there exist infinitely many intervals of integers I; such
that |I;] > 2" for all j, and so that dF ™V = d, for all n € I; for any j. Therefore,
by the construction of the sequence {d, }, each I, contains a subinterval I ’ of integers
of length 2% so that for every j, and for all n € [ I dt=b < 3*. We may also assume,
by passing to a subset if necessary, that the union of all I} has density zero. We now
take any bijection ¢ from N to Rayx, and for every j, if Ij’- ={s,s+1,...,s+2F -1},
and if ¢(j) = (ai,...,asr) € Ror, define d¥ = a,, dgli)l = ay,... ,dgl_?%_l = aqr. After
making these changes on each I, for any m not in any I}, define d'®) = q*=Y . This
defines d'F) for all n. Since for every n, d® > dffﬁl), by the inductive hypothesis we
see that d) > d,, for all n. Also, since d({n : dP > d%kil)}) = 0, and since by the
inductive hypothesis, d({n : dFY > d,}) =0, we see that d({n : d¥ > d,}) =0,

completing the inductive step.

It is a consequence of this construction that if we define Hy, = {n : d¥ > d%k_l)}
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for every k, the sets Hj are pairwise disjoint. Therefore, the sequences {dglk)} have

a pointwise limit, call it {e,}. By the construction, for any k, and for any k-tuple

(k)

ai,...,a;) of integers all greater than 3%, there exists m such that d; .
g g m—+1

| = a; for
1 <7 < k. And, since the Hy are disjoint, this means that e,,,; 1 = a; for 1 <i < k.
Now, define the sequence f,, = >,_, e, for all n. As already noted, since e, > d,, for
all n, D = {f,} has upper Banach density zero. We claim that for any infinite set
G of integers, D + GG contains arbitrarily long intervals of integers. Fix any infinite
G = {gn}, with g1 < g2 < ---. For any k, there exist my,ma, ..., Mor, Marq SO
that g,y — gm, > 3% for every 1 < j < 2*. Then, by construction, there exists m

so that e1; = gm = Gmg_ +1 for 1 < j < 2% This means that f,.; =

2k _j42

Jm+ Zézl em+j = fm + 22:1 <gm2k—j+2 Ymy_ o, +1)=(fm+ gm2k+1) — Img, +1

for 1 < ¢ < 2%, But then for each such i, fm+i + gm = fimn+ 9m +ie D+G.

2k 14 2k 41

This implies that {fm + gm,.. +1,.-, fm + G, + 2"} is an interval of integers of

2k 41 2k 1

length 2% which is a subset of D+G. Since k was arbitrary, D+ G contains arbitrarily

long intervals and so has upper Banach density one.
O

This answers our question: if we had, in the proof of Theorem 2.1.15, tried to force
ones to occur along infinitely many shifted copies of our set A of upper Banach
density zero, it’s possible that no matter what set G' of shifts we used, we would
be attempting to force x(i) = 1 for arbitrarily long intervals of integers i and some
x € X, which would imply that 1*° € X yielding the closed invariant set {1°} C X

and contradicting the minimality of X.
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2.4 Some general constructions on connected manifolds

We will now construct some totally minimal, totally uniquely ergodic, and topo-
logically mixing topological dynamical systems (X,7T") for which X is a connected
manifold, and in Section 2.5 we will use such examples to prove Theorems 2.1.16 and
2.1.19. The constructions in question will use both skew products and flows under
functions. We will be repeatedly using the topological space T, which can most easily
be considered as the half-open interval [0, 1) with 0 and 1 identified and the operation
of addition (mod 1). (Whenever we refer to the addition of elements of T, it should
be understood to be addition (mod 1).) We also note that T" is a metric space for
any n with metric d defined by d(x,y) = min, ,ezn d(z + u,y + v), where d is the

Euclidean metric in R®. We denote by \; Lebesgue measure on T* for any k& > 0.

For any k£ > 1, irrational @ € T and continuous self-map f of T, we define the
homeomorphism S = Sy, s on T* as follows: for any v = (vy,...,v;) € T%, (Sv); =

v1 + a, (Sv)2 = f(v1) + ve, and for every j > 2, (Sv); = vj_1 +v;.

Theorem 2.4.1. For any f differentiable with 1 < f'(z) < 3 for all z € T, Sga,y is

totally minimal and totally uniquely ergodic with respect to \g.

Proof: During the proof, since k, a, and f are taken to be fixed, we suppress
notational dependence and refer to Sy, s simply as S. Fix any rectangles R =
Hle R; and R = Hle R! in T*, where R; and R are intervals of length C' for every
1 <i < k. Now, fix any positive integer £ such that A\;((R1 4+ fa) N R}) > %. Fix any

r9 € Ro, ..., 1 € Ry, and define the set
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Ey={z, € Ry : 7T1(S£<(171,T'2,...,T’k)) € R}

(Here and elsewhere, 7; : T* — T is the usual projection map v +— v; for 1 <i < k.)
Since 7, (S*(x1,72,...,7)) = 21 + Lo, by choice of £ we know that E; is an interval

with A\ (E7) > . Now, define the set

Eg = {LUl € Rl . 7T¢(SZ<ZE1,7”2,...,T]€>) € R;,l S ) S 2}

8772(5’5(501,@,...,1“
o1

below. For this, we note that m(S(x1,79,...,7%)) = 19 + Zf:é f(z1 + ia), and

) from above and

We will examine the structure of Fy by bounding

make the observation that for any 4, f(x; + i) is equal modulo one to an increasing
function in x; whose slope is between % and % Therefore, considered as a function
of z1, m(S*(x1,79,...,71)) is equal modulo one to an increasing function from [0, 1)
to R whose derivative is in (é, %Z) for all ;. This implies that Ej is a union of many
intervals separated by gaps of length less than %, where the length of all intervals but
the first and last is greater than I? For large ¢, this implies that F5 contains some

set I a union of intervals of length D%F for some constant D, where \;(Fb) > BoC?

for some constant Bs.

We proceed inductively: for any 2 < i < k, assume that we are given F; a union of
intervals whose lengths are D;C¢~(~1 for some constant D;, where \,(F;) > B;C"
for some constant B;, and such that for any zy € Fj, m;(S*(21,72,...,7)) € R} for

1 < j <i. We now wish to define Fj. ;. Define the set
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H—l {IL’l S F : 7Ti+1(S£(IL'1,T2,..., )) S R/—H}

For any interval I of length D,C¢~(=1 in F}, let’s examine I N E; 1. We note that

l—1i
{—35—1 .
7T¢+1(S£($1,7“27 cosTR)) = Migre(T2y ooy Tigr) F Z ( J ) (1 + ja),

1—1
Jj=0
where 7,11, is some function of rg,...,7;1; which does not depend on z;. So, as a
function of @1, 7y 1(S*(z1,79,...,7%)) is equal modulo one to an increasing function

from [0, 1) to R whose derivative is between A¢* and B¢ for some constants A, B > 0.
This implies that for large ¢, I N E;, is a union of many intervals separated by gaps
of length less than %E"', where the length of all but the first and last is greater than
%6”. For large ¢, this implies that I N E;;; contains F7,;;+; a union of intervals of
length DC¢~" where A\ (Fy ;1) > ECA;(I) for some constants D, E. By taking Fj,,
to be the union of all F7 ;;1, we see that Fj;; is a union of intervals of length D; O,

where A\ (F;y1) > B;1C*! for some constants D1 and By, ;. Since Fj,; C E;y4, for

any z; € Fyq, (S (z1,79,...,1%)) € Rifor1<j<i+l1

By inductively proceeding in this way, we eventually arrive at a set Fy, where A\;(F}) >
By, C* for some constant By, and where S*(xy,75,...,7) € R’ for every x; € F},. By
integrating over all possible 7y, ..., 7y, we see that A\, (S*RNR’) > BL,C*~1. We have
then shown that for any ¢ with A\;((R; + ka) N R}) > S, M(S*RNR') > B,C*1.
Denote by L the set of such ¢. Then if we define R,, to be the transformation x — x+«
on T, then L ={n : R2(0) € J}, where J ={z €T : M((R+z)NR)>%}. Itis
easily checked that A;(J) = C. This means that for any M, N € N,
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%|L N0 M, MIN = 1} = 5 > xa((RY)0),

which approaches A\;(J) = C as N — oo by total unique ergodicity of R,, with respect
to A;. Then, for large N,

N—
1
~ Z (SM'RNR) > —|L N{0,M,...,M(N —1)}|B,C* ' — B,C?*.
=0
Therefore,

lim inf Nzl M(SMRNR) > Bphe(R)M(R). (2.1)
We have shown that Equation 2.1 holds for R and R’ arbitrary congruent cubes in T*.
It is clear that it also holds for R and R’ disjoint unions of congruent cubes. Suppose
that for some M € N, there exists a Lebesgue measurable S™-invariant set A C T*
with A\, (A) € (0,1). By taking complements if necessary, without loss of generality we
may assume that \g(A4) < % By regularity of Lebesgue measure, there exists ¢ and
A’ a union of cubes with side length e such that (A’)¢ is also a union of cubes of side
length €, \g(A) < A\p(A') < L and A\ (AAA') < ZE)i(A)% Then, for any ¢ € N, since
SMEA = A and A\ (AAA") < BEN(A)?, M(AASMEAT) < BE)y (A)? as well. Similarly,
Ap(ACASME(AN) < Bexy(A)% Therefore, A, (SMEA" N SME(A')e) < BrAy(A)? for all
¢ € N. Since A\ (A) < A(A") < A((A")9), this contradicts Equation 2.1.

So, SM is ergodic with respect to A\, for every M > 0. We claim that this also
g

implies unique ergodicity of S™ for every M > 0, which follows from an argument of
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Furstenberg, and rests on the fact that S™ is a skew product over an irrational circle

rotation. The following fact is shown in the proof of Lemma 2.1 in [Fu] on p. 578:

For any minimal system (X, Ty) which is uniquely ergodic with respect to a measure
po, and any skew product 7" which acts on X = X x T by T'(xo,y) = (Toxo, y+h(xo))
where h : Xy — T is a continuous function, if (X, T') is ergodic with respect to o x m,

then (X, T) is minimal and uniquely ergodic with respect to po x m.

Denote by (S™)® the action of S on its first 4 coordinates for any 1 <14 < k. Since
they are factors of S, each (SM)® is ergodic with respect to );. Also, for each
1 <i<k, (SM)*D is a skew product as described above with Ty = (SM)®. We
may then use Furstenberg’s result and the fact that (S™)®) is minimal and uniquely
ergodic with respect to A; (since it is an irrational circle rotation) to see that (S™)®
is minimal and uniquely ergodic with respect to Ay. We can continue inductively in
this fashion to arrive at the fact that S™ is minimal and uniquely ergodic with respect
to Ax. Since M was arbitrary, S is totally minimal and totally uniquely ergodic with

respect to Ag.

We will now use these skew products to define flows under functions which have all
of the previous properties and are also topologically mixing. Define the continuous

function ¢gT? — R by

o 627rikx - 2mily )

o=z (3

k=2 =2
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Note that 1 < g(z,y) < 3 for all z,y. We then define the space X = {(v,z,y,t)

veETF z,yeT,0<t<g(xy)} where (v,z,y,9(x,y)) and (Ska v,z + 7,y +7,0)
are identified for all v,z,y. X is then homeomorphic to the mapping torus of T++2
and a continuous map, and so is a connected (k + 3)-manifold. For any irrational

7,7 € T, we then define the continuous map Tjy3q.~ 5 : X — X by

(v,z,y,t+1) ift+1<g(z,y),
Tk+37a’777/’f(v7 x’ y’ t) =

(Sk,a,fvvx+7ay+’ylat+1_g(xvy» 1ft+129($ay)
Finally, we define pt = ([1xi2 9 dAei2) " Aigs = 3Ait3 @ Thisanq,y,s-invariant Borel

probability measure on X. We will prove the following:

Theorem 2.4.2. For any [ differentiable with % < fl(z) < % for all x € T and any
irrational o, 7y, € T which are linearly independent and which satisfy ¢/, > €3 and
Qi1 > €3 where {q,} and {q,} are the digits in the continued fraction erpansions
of v and «' respectively, (X, Tiy3.a~.~.f) @5 totally minimal, totally uniquely ergodic,

and topologically mizing.

Again, since «,v,7/, and f are fixed, for now we suppress the dependence on these
quantities in notation and denote the transformations Tj 345 and Sk by T
and S respectively. We also make the notation, for any integer ¢ > 0, g,(z,y) =
Zf;é g(x + iv,y +iv'), and define go(z,y) = 0. The proof of Theorem 2.4.2 rests

mostly on the following lemma, which is essentially taken from [Fa].

Lemma 2.4.3. For any sufficiently large integern > 0, y € T, £ € [%ezq", 262%], and

any xg € T with ¢,z € [}, 3],
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7lqy,

GQH ’

lq, | 0ge(x,
I ‘—ggéz Y) (xo)| <

eqn

Proof: gg(gj’ y) =2 + RG(Z?OQ X () 2mlm + Zm , efmm) 2mmy)’ where

el

1 — eQm‘él’y

X(1) = 1= ooty
1 — e27ri€m’y’
Y{&m) = T

The following facts are proved in [Fa|, p. 454:

For all I € N\{0},¢ € N, |X(¢,1)| < ¢.

For all m € N|I < ¢,,0 € N, | X(¢,1)] < qy.

For all n € N, 1 € (g, 2q,), ¢ € N, | X (0, 1)] < 2g,.

In 20
X (4, qn)| > P

For any ¢ <

(-1

Qn—i—l

For any ¢ < Qn2+1’ larg(X (4, q0))| < 7

We will use these to prove Lemma 2.4.3. It is easy to check that

8gg(x y 27rilmo
o = Re Zle
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X | a1 |
= Re (2“an;%)|62%"$°) + Re( > omil = X&) 2”“%)

en

2qn—1 o)
X0
2mlx ) 2milx
( E 271 °)+Re<§ 27rzl—€l e 0)

l=gn+1 1=2qn

X —|X )
+Re<2m'qn (ban) — | (g’qn)‘egmq"wo)

eqn

We bound the first term from above and below and the rest from above.

Re <2wiqn%ezm%xo>‘ = PXlalorg, | sin(2mgao)|, and since ¢ € [Le2n, 2¢%0],

edn

¢ < 1 By (2.2) and (2.5), 20 < |X((,q,)| < 0. Since gz € [3,3], 5 <

an an

| sin(27q,20)| < 1. Therefore, Qfﬁ < ’Re <2m’qnM 27”‘1"9“0>' < Znlan

Next, by (2.3),

gn—1 gn—1 gn—1
; X(¢,1 1l
(§j2zz 2’”“%)‘g27r§jz’ (el’ >’§27r§:q—l§27rqi.

We similarly have

2qn—1
( Z I7i 27rila:o)‘ §47Tq721

l=gn+1

Also, from (2.2), we can conclude that for large n

- . X(g, l) 2milx 271—6
‘Re(ZleTe o) <27 Zl <2 62 el—el.sqn'

1=2qp, 1=2qp, 1=2qp,

Finally, from (2.6) and (2.2), we see that

(-1
| X (0,qn) = |X (0, q0)]| < 2|1X (0, gn)| arg(X (£, gn)) < 27 _—
n+

¢,
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and so since ¢ < 2e2%n and g,,,1 > €%, this implies that

X(g, qn) - ’X(f, Qn) | 627riqnx0

GQTL

L
‘Re (2m’qn ) ‘ < 87T2e_q"qn7.
6 n

By combining all of these bounds,

20q,, ) 5 2wl o g Klagn _ |0ge(x,y)
i 2nq; — 4nq; — e 8n“e o < P (o)
21lq, 2ml Ly,
< 4 + 27mq? + 4nq? + W + 8#26_‘1ni,
edn n n 61~5Qn eldn
and since ¢ > %62(1”, for large n we have
lq, | 0ge(z, 7lqy
q S‘ ge(7,y) (xo)‘ <
edn T edn

The proof of the following fact is trivially similar:

Lemma 2.4.4. For any sufficiently large integer n > 0, x € T, £ € [%62%, 2¢e2an+1],

and any yo € T with q,yo € [5, 3],

(g,

eq’il '

eq%

lq 0gs(x,
G [onte,

Proof of Theorem 2.4.2: Consider any m € [3€",2¢%], and any cubes R =

Hf:lg R;and R’ = Hfif’ R; where R; and R; are intervals of length C for 1 <1 < k+3.

Take intervals Qri1 and Qo of length % central in Ryy; and Rj.o respectively.
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Define R = Hle R;. We also make the following definition: ¢(m, x,y,t) is the integer

¢ such that go(z,y) < m+1t < gey1(x,y). Alternately, for any v € T*,
Tm('Uv x,Y, t) = (Sé(m?xﬁ%t)vv x+€(m, x,Y, t)’% y+€(ma x,Y, t)fy/a m+t_gf(m,a:,y,t) (ZL‘, y))

Now, fix any y € Qxio and t € Q3. We first define the set

11
El={r1 € Qiy1 : qnr1 € [—, —]}
63
For large m, A\ (E}) > D;C for some constant D; > 0, and E] is a union of many
intervals, where all but the first and last have length i. By removing those, we can

define EY a union of intervals of length % where A\ (EY) > DyC for some constant

Dy > 0. We then define the set

C
Ey={xy € B : M(Ry+{(m,x1,y,t)a N R)) > E,Qkﬂ + l(m, z1,y,t)y C Ry,

Qito + L(m, x1,, t)VI - R;<+2)}-

We wish to use Lemma 2.4.3 to analyze the structure of Fy. First we note that since
1 < g(z,y) < 3 for all z,y, by definition of ¢(m,x,y,t), {(m,z,y,t) < m+t <
3(l(m,z,y,t) + 1), and so for large enough n, ¢(m,z,y,t) < m < 13—0€(m,a:,y,t), or

lm,z,y,t) € [.3m,m|. By our assumption on m, this means that for any z,y,t,

l(m,x,y,t) € [%62%,262%]. Now, fix any interval I of length é in EY, and let

£(m,x1,y,t)qn <

edn

us examine F, N I. By the preceding remarks and Lemma 2.4.3,

|M+QW($1)| < Hmziyl)in for overy x, € 1. Since ((m, x,y,t) € [.3m,m],

edn

.3mq, O 3T (v, x,y,t ™mgy
q < k+3 (U T,y ) ($1 ) < mq
edn ax edn

(2.7)
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for every x; € I. This means that %W has the same sign for all zy € I,

and without loss of generality we assume it to be positive. Let us define L to be the
set of possible values for ¢(m,x,y,t) for x; € I. (Since g, is continuous for every
¢, L is an interval of integers.) Then for any fixed ¢ € L, define I, = {z; € I
lm,zy,y,t) = Ly = {z1 € I+ gi(x1,y) < m+1t < goa(z,y)} = {2 € 1

ge(x1,y) € [m+t — gz + by, y + €9),m + t]}. Since 1 < g(z1 + by, y + ¢y') < 3,

by (2.7) mgm < m(ly) < =g, or m(Iy) € (%;f; , Oeq") for all ¢ € L except the

smallest and largest, for which m(1,) could be smaller.

Since m > €29, this means that the number of elements in L approaches infinity
as m does. Now, we note that Fa N[ = UeeL/ Iy, where L' is the set of ¢/ € L

where A ((Ry + la) NR)) > £, Qi1 + 0y C Rj.y, and Qpyo + 7' C R),. Then

% = ﬁ > ver Xa (R, (0)), where R, ., is the rotation on T* given by (a, b, ¢) —

(a+a,b+vy,c+v)and J = {(a,b,c) € T? : MN((Ri+a)NR}) >, Qpi1+bC
Ry 1, Q2 + ¢ C Ry ,)}. Since a, 7, and 7/ are rationally independent, R, . is

L]

g M) =T

uniquely ergodic, and so as m — oo -
Due to the already established bounds on A;(I;) for ¢ € L, this implies that there is
a constant D3 > 0 so that A\ (Ey N I) > D3C3\(I) for every interval [ in E}. By

removing the possibly shorter first and last subintervals of FoN I, we have F; C EoNT

a union of intervals of length greater than .o with A (F7) > DsC®Ai(I) for some
constant Dy > 0. We take F to be the union of all Fy, and then \;(Fy) > D5C* for

some constant D5 > 0. Finally, we define
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Ey={r1 € F : mp3(T™(v,21,y,t)) € R} 5 Vv € T}

Note that F5 is a union of intervals I, and so fix any such interval I, of length greater

q
than 1™
m

7 e+ By definition, mpy5(T™ (v, 21,y,t)) = m+t—ge(z1,y) for any z;, € I, and
Tras3(T™(v, 21, y,t)) ranges monotonically from 0 to g(x1 + v, y+¢7') as x; increases

over I;. Since, by Lemma 2.4.3, Y» <

7 edn

edn ?

W(m)) < M N\ (ByN 1) > DeCi(l)
for some constant Dg > 0. By taking the union over all I;, \;(E3) > D;C" for some

D7 > 0.

Consider any z; € E3. We know that A\((Ry + £(m,21,y,t)a) N R;) > £, and by
the proof of Theorem 2.4.1, this implies that if we define the set A,, = {v € R
i (T™ (v, z1,y,t)) € Ri,1 < i < k}, then A\ (A,,) > BpC?~! for some constant

By, > 0. But this means that for any v € A,,,
T (v, x1,y,t)

= (Sﬁ(m,xhy7t)vv x + E(ma x1,Y, t)’yv ) + e(m> x1,Y, t)7/7 m+t— g@(m,xl,y,t) (xla y))
is in R’ by definitions of F3 and A,,. So, there exists a constant Dg > 0 such
that A1 ({(v,z1) : T™(v,21,y,t) € R)} > DgC?***4. By integrating over all

possible y € Qpio, t € Qri3, we see that there is a constant Dy > 0 such that

p((T™R) N RY) > 22046 = Dyp(R)u(R').

This argument works for any large enough m € [262%, 2¢20n] for some n. An analogous
argument using Lemma 2.4.4 and which involves varying y instead of x shows that

the same is true for any large enough m € [362%, 2et+1]. However, this implies that
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for all sufficiently large m and any congruent cubes R and R, u((T™R) N R') >
Dou(R)p(R'), which implies that (X,T') is totally ergodic with respect to p and

topologically mixing. It remains to show that (X, T') is in fact totally uniquely ergodic.

Our proof is similar to the argument of Furstenberg used earlier, however since this is
about a flow under a function and his argument was about skew products, we present
the proof in its entirety here. Fix any M € N. Since T™ is ergodic with respect to ,
p-a.e. every point of X is (T™, p1)-generic. Since yu is shift-invariant, and since shifts
in the last coordinate commute with 7™ if a point (v, z,y,t) € X is (T™, u)-generic,
(v,z,y,t') is as well for all 0 < t' < g(x,y). This implies that for Ay is-a.e. (v,z,y),
the fiber {(v, z,y,t) bo<i<g(a,y) consists of (T™, y1)-generic points. Denote by G this set
of (v, x,y) which give rise to (T™, 1)-generic fibers. Choose any (v, z,y,t) € X. We
know that for large n, {(nM, z,y,t) € [.3nM,nM], and that £(nM, x,y, t) is increasing
in n. Therefore, the set {¢(nM,x,y,t) : n € N} has positive density. The skew
product U on T*"2 defined by U(v,z,y) = (Sk.a,v, T + 7,y + ') is totally uniquely
ergodic with respect to \x. o for the same reason as in the proof of Theorem 2.4.1. (The
only difference is that here the base case is the rotation on T? given by (z,y, z)
(x + a,y + 7,2 + ) instead of an irrational rotation on T. However, since «, 7,
and ~' are rationally independent, this rotation is also totally uniquely ergodic and
totally minimal.) This implies that the set {¢ : U‘(v,z,y) € G} has density one.
Together, these facts imply that there exists n such that U/Mv.t) (v,z,y) € G, or
that 7™M (v, x,1y,t) = (g, s) for some g € G and s € R. This means that 7™M (v, x, y, t)
is (T™, pi)-generic, and so (v,,y,t) is as well. Since (v,z,y,t) € X was arbitary,

every point in X is (T™, u)-generic, and so T™ is uniquely ergodic with respect to
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. Since pu(U) > 0 for every nonempty open set U, T is minimal as well. Since M
was arbitrary, (X, T) is totally uniquely ergodic, totally minimal, and topologically

mixing.

2.5 Some counterexamples on connected manifolds

Proof of Theorem 2.1.19: Our transformation is 754174, for properly chosen
a, v, 7, and f. We always take a to be the golden ratio @ because of a classical

fact from the theory of continued fractions:

Lemma 2.5.1. For any n € N, the distance from na to the nearest integer is greater

1
than 3

~v and 7 can be any irrational elements of T satisfying the hypotheses of Theo-
rem 2.4.2. What remains is to define f. Before doing so, we use our sequence {p,} to
construct another increasing sequence of integers. For any n, take w,, = ¢(p,,0,0,0).
In other words, for any v € T2 TP (v,0,0,0) = (S“" (v), WY, Wn?Y', Pn — G, (0,0)).
(Here S = Sogiaas and T = Togi70.5.) As before, for large n, w, € [.3pn,pnl.

We claim that w,y1 < (Wpp1 — wy,)?Ht for all large enough n. This is because

Wp+1 — Wy = g(pn—i-l — Pn, Wn7, wn’y/apn = Guw, (07 0))
(}S'U)nﬁ»lfu7 wn—i-l’% wn_"_l'y’ pn+1 — gwn+1 (07 0)) —= Tpn+1 (U, 07 07 O)
P (TP (0,0,0,0)) = TP (S0, 0,7, s P — g, (0,0)

56



— (SwnH(anfpn,wn'y,wnv’,pnfgwn (0,0)) (Swn (U))

(wn +L(Pni1 — P, WaY, WnY', P — G, (0, 0)))77
(wn 4 (Prs1 = Pr> WY, WY, P — Gu, (0,0)))7, Pt — Gunsr—1(0, 0))

Therefore, since pp+1 —pn — 00, Wyt1 — Wy € [.3(Pnt1 — Pn), Pnt1 — Pn) for large n for
the same reasons as before. This implies for large n that w, 11 < ppy1 < (Ppa1—pn)? <

4+ since w4 — w, — co. We

(%(wn—&-l - wn))d S (%)d(wn—i—l - wn)d < (wn+1 - wn)
wish to choose f so that S*»(0) is bounded away from 0, where 0 € T?¢™ is the zero

vector.

We define f as an infinite sum: F(v1) = v1 + > ;| €;Say¢(v1) is a function from T
to R, and f(v;) = F(v1) (mod 1) is a self-map of T. In this sum, ¢; € Rt with
Yoy <1, z; € Tand ¢ > 0 will be chosen later, and the function s, (y) for any

x € T and € > 0 is a function defined by

i[cos(f(y—x))—i—l] ifr—e<y<uz+e,
31’,6(9) =
0 otherwise.

The pertinent properties of s, . are that it is nonzero only on the interval [z — €,z +
€], it attains a maximum of £ at y = z, and that its derivative is bounded from
above in absolute value by % Since each term ¢;s,, ., in the definition of F' is a
differentiable function with derivative bounded from above in absolute value by %,
and since » .-, ¢; < 1 and the identity function has derivative one everywhere, F' is

a differentiable function with F”(vy) € (3, 2) for all v; € T. This shows that for any
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choice of ¢; with >~ ¢; < 1, and for any choice of z;, ¢;, by Theorem 2.4.2, (X, T) is

totally minimal, totally uniquely ergodic, and topologically mixing.

We wish to choose f so that S“(0) is bounded away from 0. The only quantities still
to be chosen are ¢;, x; and ¢;. We note that for any 1 < k < 2d+4 and any j > k—1,

m:(57(0)) = Zg;é”l (7.551) f(i@). This can be proved by a quick induction, and is

left to the reader. In particular, if we make the notation y, = meq4(S*"(0)) for any

w, > 2d + 3, then y,, = Z;”:"O_Qd_?’ (wgd_i;l)f(ia). Our goal is to choose ¢;, x;, and ¢;

so that vy, = % for all sufficiently large n. To do this, we choose x,, = w,« for all

1
3wnt1

n, and €, = infocicu, 1 itw, |Tn — 0] > by Lemma 2.5.1. This guarantees that

Spp.en (i) = 0 for any 0 < i < wy41, ¢ # w,. This means that each choice of ¢; that
we make changes the values of y,, for only n > ¢, and allows us to finally inductively

define ¢;.

Recall that our goal is to ensure that y, = Z;”;O_Qd_g (wgdjgl) flia) = % for all
sufficiently large n. Note that since {w, } is an increasing sequence of integers, w,, > n

for all n. We have already shown that w, < (w, — w,_1)%*! for all large n, and so

1

Wy, — Wy_q > nﬁ, and so w, = wy + > o(w; —wi—y) > >0, G > 2(5)= >

1

14+-1 00 -1
in @1 for all large n, and so > 7 | wy

converges, a fact which will be important

momentarily. We choose N so that > 7 o Wy, < The procedure for

1
6m(2d+2)!"

defining the sequence ¢, is then as follows: ¢; = 0 for 1 < ¢ < N. For any n > N,

assume that y; = % for N+1 < ¢ < n. Then, we choose ¢, so that y,,,; = % Note that

for any n > 1, y, = hn(c1, ..., Caoa) + Co1 €01 (w”_;;i;l_l) for some h,, : T"2 — T.
1 ClyeeeyCp— mo .
This means that taking ¢, = 7T(3 hntl((“%r’H—;*wi)—)l)( d1) gives Ypi1 = % Note that
" 2d+2
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(w'rH»l —wnp—1

oo ) > mw}nﬂ — w,)??*? for large n, and recall that ¢, >

ﬁ for all
n by Lemma 2.5.1. This means that ¢, < 67(2d + 2)'wp 1 (wpy1 — w,)~ @42 which,
by the hypothesis on the sequence {w,}, is less than 67(2d + 2)!(w,,1)~!, again for
sufficiently large n. This means that > - ¢, < 6m(2d +2)!> 07 v w,; < 1 by
definition of N. We have then chosen ¢, so that d(S*"(0),0) > d(y,,0) = 3 for all
n> N. For n < N, note that m; (S**(0)) = w,a # 0, since o ¢ Q. This means that

for all n, d(5*"(0),0) > min(3, min <,<y d(w,a,0)) > 0.

However, by definition, mo4:4(7%"(0,0,0,0)) = maq14(S*"(0)) for all n. Therefore,
TP(0,0,0,0) is bounded away from (0,0, 0,0), and so since (X, T) is totally uniquely

ergodic, totally minimal, and topologically mixing, we are done.

We note that there was nothing special about the number % in this proof, and so the

proof of the following corollary is trivially similar:

Corollary 2.5.2. For any increasing sequence {wy,} of integers with the property that
for some integer d, wpy1 < (Wny1 — wy)4 for all sufficiently large n, and for any
sequence {z,} C T, there exists f satisfying the hypotheses of Theorem 2.4.1 so that

for all sufficiently large n, mog+a((S2d+4.0.£)""(0)) = 2.

Proof of Theorem 2.1.16: Our transformation is T5q49,,,,f for the same a, 7,
and +" as before. We use the same strategy as we did to prove Theorem 2.1.15; in
other words, we will be forcing certain types of nonrecurrence behavior along a set

comprised of a union of infinitely many shifted subsequences of {p,}.
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We now proceed roughly as we did in proving Theorem 2.1.15. We define a sequence
{t,} by shifting different p,, by different amounts. First, define the intervals of integers
B; =[j'+1,(j+ NN for every j € N, and take any partition of N into infinitely
many disjoint infinite sets C7,C5,.... We denote the elements of C;, written in
L (2

¢;”’ .... Choose some s; large enough so that p, 1 —p, > 2-1

T

increasing order, by ¢

for n > (inf Cy,)!, define the set D; = |J B;, and then define ¢, = p,, + 1 for all

jECs,
n € D;. Next, choose some s large enough so that p, 11 —p, > 2-2 for n > (inf Cj,)!,

and define Dy = Bj, and then define ¢, = p,, +2 for all n € Dy. Continuing in

JECs,

this way, we may inductively define Dy, for all k£ € N so that Dy = B; for some

J€Cs,
s with the property that p,11 —p, > 2k for n > (inf Cy, )!, and then define t,, = p,,+k
for all n € Dy. For any n ¢ J;—; Dk, t, = p,. Note that by the construction, for
any n, k where t,, = p, + k, it must be the case that n € Dy, and therefore that
n > (inf Cy,)!, and so that p,+1 — p, > 2k. Therefore, since t,41 > p,41 for all n,
tng1 —tn > Pns1 —pPn—k > E257P2 and so {t,} is increasing. Since n—1 > (inf C5, )!,
Dn — Pn—1 > 2k, and so in particular p, > 2k. This implies that t, = p, + k < 2p,
for all n. Finally, we see that t,11 < 2pn41 < 2(Png1 — pn)? < 277 (ty1 — t,)? for

all large enough n. Since t,41 —t, > 2P — o0 as n — o0, this means that

tni1 < (tpy1 — tn)®! for large enough n.

We again define a sequence {w,}: for any n, take w, = ¢(t,,0,0,0). In other words,
for any v € T?¥6 Tt (v,0,0,0) = (S“(v), Wpy, WnY s tn — Gu, (0,0)). (Here S =
Sodt6.a,r and T = Thgyg9a~+..) For exactly the same reasons as in the proof of

Theorem 2.1.19, wy 1 < (wWyy1 — wy)42 for large n.
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Therefore, by using Corollary 2.5.2, for any sequence {z,} C T, we may choose f
such that meq.6(7%(0,0,0,0)) = maq16(S“"(0)) = z, for all n. We define z, = % for
any n € Dy where n € B; for j = cgi) with odd i, and z, = % for any n € Dy where
n € B; for j = cgfc) with even ¢. For any z, not defined by these conditions, z, may
be anything. (We can take z, = 0 for such n if it is convenient.) Take h € C'(X)
such that h(v,z,y,t) = 0 if vygye = %, h(v,z,y,t) = 1 if vog16 = %, inf,ex h(zx) =0,

and sup,.y h(z) = 1. Now, we note that

N-1
1
{z € X : ¥ ; h(T?"z) does not converge}

(Ufpex I sis -

k 4
n>0k>n
s 1<i<k TP =2
(ﬂU{ZEX : {i ST 77Tkzd+6( (2)) 3}|>2})7
n>0k>n

and that the latter set, call it B, is clearly a G5. We will show that B is dense in X.
Choose any nonempty open set U C X. By minimality of T', there is some k so that
T%(0,0,0,0) € U. By construction, t,, = p, + k for all n € Dy. Also by construction,
Dy = Ujec,, Bj» and maas6(T%(0,0,0,0)) = maars(T7(T%(0,0,0,0))) = 4 for j = c{]
and ¢ odd. But then for any odd integer i, maqr6(T%"(7%(0,0,0,0))) = 3 for any

n e [ +1, (% + 1)1, and so

i 0 1< < () + 1)) maro(T" (T70,0,0,00) = 53 o}
(c§) +1)! T4

which is clearly larger than % for sufficiently large k. Similarly, for any even integer

i, Taare(TP*(T%(0,0,0,0))) = 2 for any n € [+ 1, () + 1)1], and so
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i 1< < (e + Dl moaso(T7(74(0,0,0,0)) = 2} cf)
(c§ +1)! “ @4
which is also greater than % for sufficiently large k. This implies that T’“(O, 0,0,0) €

B, and so that BNU is nonempty. Since U was arbitrary, this shows that B is dense,
and so a dense Gs. Therefore, B is a residual set by the Baire category theorem, and

for every z € B, + SV R(TPr2) does not converge.

O

We note that exactly as in the proof of Theorem 2.1.15, this in fact shows that
for a residual set of z € X, liminfy . %Ei\:}l h(TPrz) = 0 = inf,ex h(z) and

lim SUPN o0 % erlvz_ol h(Tan) =1= SUPzex h(l’)

2.6 A counterexample about simultaneous recurrence

Given a totally minimal system (X, T'), any point z € X, and any two positive integers
r and s, since (X,7T") and (X, T*) are minimal it must be true that z € {77z }nen
and x € m. It is then the case that there exist sequences of positive integers
{n;} and {m;} such that 7"z — x and T*™iz — x. By Theorem 2.1.17, for a
residual set of x, it is possible to choose n; = m;. To prove Theorem 2.1.21, we must

exhibit an example of a totally minimal system for which this residual set is not all

of X.

Proof of Theorem 2.1.21: For any n, we define a symbolic dynamical system

(X,,0) as follows: define x,, € Q = {0,1}% by x,(i) := xa,(ia,, (mod 1)), where
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{an }nen is any sequence of rationally independent irrational reals, and A,, = {0} U

U;’il[n’;i, ’1;11) Then, define o to be the left shift on 2, and T to be the countable

product of o on QY: T(wy,wy,...) := (owi,ows,...). X is then defined to be the

orbit closure of x = (x1,2s,...) under T: X = {T"x},cz.

We claim that (X,7T) and = prove Theorem 2.1.21. Consider any r > s > 0, and

choose n > r. Consider a sequence {n;} of integers where T""ix — x and T*"ix —

x. Then clearly o™z, — xz, and oz, — xz,. Since x,(0) = 1, this implies

that x,(rn;) = z,(sn;) = 1 for all large enough i. Therefore, rn;a, (mod 1), sn;a,

(mod 1) € A, for all large 4. This implies that rsn;a,, (mod 1) € rA4,, (mod 1)NsA,
r(n+1)

(mod 1) for all large i. However, suprA, = =5~ < 1, s0 rA4, (mod 1) = rA, and

sA, (mod 1) = sA,. We then see that rsn;a, (mod 1) € rA, NsA,. If rsn;a,

(mod 1) # 0, then rsn;a, € [, T(Z;T)) N[22, S(:;;D) for some positive integers j, k.
Since n > r, s, it must be the case that j = k, and then we have a contradiction since
rn = (r—1)n+n>sn+n=s(n+1). Therefore, rsn;a, (mod 1) =0, and since

a, ¢ Q, n; =0 for all large enough i.

It remains to be shown that (X,T) is totally minimal. Note that for any m € Z,
(X,T™) is a system defined similarly to (X,7T), with the sequence of irrationals
{a! }nen given by o, = may, for n € N. Therefore, it suffices to show that (X, T) is
minimal, since the definition of (X, 7T) requires only that the set of irrationals {ay, }n
is rationally independent, and if this is true, it will be true of {«/, },en as well. To
show that (X, T) is minimal, we must show that the orbit of any y = (y1,99,...) € X

under 7" is dense in X. It suffices to show that for any finite set of words {w; }1<i<
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with w; a subword of x; for 1 < ¢ < k, that there exists m > 0 such that o™ (y;) € [w;]

for 1 <i¢<k.

Choose any 1 < i < k. Since w; is a subword of x;, there exists p such that o?z; € [w;].
This implies that if we denote by ¢; the length of w;, then the set ﬂ?;ol B](i) contains
pa (mod 1), where Bj(.i) = (4; — joy) (mod 1) if w;(j) = 1 and B;i) = ((4; — joy)
(mod 1))¢ if w;(j) = 0. We now claim that the fact that ﬂ?:_ol By) is nonempty
implies that it contains an open interval. Note that for each 7, B](-i) is either a union
of half-open intervals or a union of half-open intervals with a singleton, and that due
to the irrationality of a; and the rationality of all endpoints of intervals in A;, the
set of endpoints for intervals in B]@ is disjoint from the set of endpoints of intervals
in Bj(.f) for any 0 < j # 5/ < {;. Since ﬂﬁ’;ol B](-i) # &, there exist I; C Bj@ such
that ﬂjgol I; # @, each I, is either a half-open interval or a singleton, at most one
I; is a singleton, and the I; have no endpoints in common. This implies that either
ﬂfi:_ol I; contains an interval, implying that ﬂ?:_olB](.i) does as well, or that for some
0 <j' < ¥;, I is the singleton {—j'e; (mod 1)}. In this case, I; is not a singleton for
j# 3, and s0 (o<, sz Ij contains an interval I, and Iy = {—j'a; (mod 1)} lies in

the interior. Choose € such that I;; +¢€ C I. Since I; is a singleton, B](-f) = (A —j )

(mod 1). Choose k such that %5t < e. Then [-%, 25) — j'oy (mod 1) C By, and by

our choice of €, [B, %) — j'a; (mod 1) C I as well. Therefore, ([, 25) — j'ay
(mod 1)) M (Mo<jr, j2j 15) contains an interval, and since I; C B](i) for j # j' and

[, 25 ) — j'a; (mod 1) C B](.f), we see that ﬂjz_ol B](-i) contains an interval as well.

For each 1 < ¢ < k, denote by J; some interval contained in ﬂf;ol BJ@. Choose
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some § < minj<;<x |J;]. We now note that since the sequence {a;, }nen is rationally
independent, the set {(na; (mod 1),nay (mod 1),...,nay (mod 1))},en is dense
in [0,1)*. Therefore, there exists r such that the set B = {(na; (mod 1),nas
(mod 1),...,na; (mod 1)) }o<p<, is d-dense, meaning that every point in [0, 1) is
within a distance of less than ¢ from some point in B. This means that {(na;
(mod 1),nas (mod 1),...,nag (mod 1)) }s<pncsir = B+ (s, sag, ..., sag) (mod 1)
is also 0-dense for any s € Z. We note that then for any 1 < ¢ < k and any
m € Z, ma; (mod 1) € J; implies that ma; (mod 1) € ﬂﬁ;_ol BJ(.i), and so that
zi(m)x;(m+1)...x;(m+¥{; — 1) = w;, or that ™ (z;) € [w;]. Define £ = maxj<;<y ¢;.
Now, choose any y = (y1,¥2,...) € X. Since y € m, there exists p such that
Yi(0)yi(1) .. yi(r+0) = z;(p)xi(p+1) ... x;(p+r+L) for 1 <i < k. Then, by the above
comments, there exists m € [p, p+r]NZ such that z;(m)x;(m+1) ... z;(m+4;—1) = w;
for 1 < i < k. Therefore, y;(m — p)y;(m —p+1)...y:(m —p+€) = z;(m)x;(m +
1)...x;(m+¢) for 1 < i <k, and since £ > {; for 1 < i < k, 0™ P(y;) € [w;] for
1 <4 < k. Since {w; }1<i<k were arbitrary, we have shown that the orbit of y under

T is dense in X, and since y € X was arbitrary, that (X, T) is minimal. We already

showed that this in fact implies that (X, T) is totally minimal, and so are done.

2.7 Questions

There are some natural questions motivated by these results. For any totally minimal

and totally uniquely ergodic system (X,T), any nonempty open set U C X with
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w(U) € (0,1), and any z ¢ U, take the set A= {n €N : T"x € U}. Since (X,T) is
uniquely ergodic, the density d(A) := lim,,_ W of A equals u(U) > 0, and
so the sequence {a,} of the elements of A written in increasing order does not satisfy
the hypotheses of any of our theorems. However, since # ¢ U, and since T%x € U

for all n, T%x is bounded away from x.

For a similar example, take 7" to be a totally minimal and totally uniquely ergodic
isometry of a complete metric space (X, d) with diameter greater than 2. Take z,y €
X with d(z,y) > 2, and define f € C(X) where f(z) = 0 for all z € By(z) and
f(z) =1forall z € By(y). Then, take thesets A={neN : T"z € B%(y)} and B =
{neN: Trzx e Bl( )}. Since (X, T) is uniquely ergodic, d(A) = M(B% (y)) > 0 and
d(B) = (B 2(93)) > 0. For any z € B, (), d(T™z,y) < d(T%z,Tx)+d(T"x,y) =
d(z,z) + d(T*z,y) < 1 +1 =1, and so f(T*z) = 1. Also for any z € B%(x),
d(T"z, ) < d(T"z,T'z) + d(T"x,z) = d(z,2) + d(T*"z,z) < 3 + 3 =1, and so
f(TPz) = 0. This means that by making a sequence {c,} by alternately choosing
longer and longer subsequences of {a,} and {b,}, we could create such {c,} with
d({cn}) > 0 (so {c,} does not satisfy the hypotheses of any of our theorems) where

limy oo % SN f(Ten2) fails to converge for any 2 in the second category set By (x).

The point of these examples is to show that our hypotheses are certainly not the only
ones under which examples of the types constructed in this paper exist. This brings

up the following questions:

Question 2.7.1. For what increasing sequences {p,} of integers does there exist a
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totally minimal and totally uniquely ergodic system (X,T) and a point x € X such

that TPz is bounded away from x?

Question 2.7.2. For what increasing sequences {p,} of integers does there exist a
totally minimal and totally uniquely ergodic system (X,T) and a function f € C(X)

such that limy_. + fo:l f(TPrz) fails to converge for a set of x of second category?

Also, it is interesting that we could create examples for a wider class of sequences
{pn} when X was not connected. We would like to know whether or not this is

necessary, i.e.

Question 2.7.3. Given an increasing sequence {p,} of integers and a totally minimal
totally uniquely ergodic topological dynamical system (X, T) and x € X such that TPrz
1 bounded away from x, must there exist a system with the same properties where X

is a connected space?

Question 2.7.4. Given an increasing sequence {p,} of integers and a totally minimal
totally uniquely ergodic topological dynamical system (X, T) and f € C(X) such that
limy_ o %25:1 f(IPx) fails to converge for a set of x of second category, must

there exist a system with the same properties where X is a connected space?
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CHAPTER 3
PERTURBATIONS OF MULTIDIMENSIONAL SHIFTS
OF FINITE TYPE

3.1 Introduction

Consider a symbolic dynamical system with positive topological entropy h'?(X). (A
rigorous definition of topological entropy appears below, but informally it is the expo-

nential growth rate of the number of different n-letter words appearing as subwords

of some element of X. Then, define X,, C ) to be the set of all elements of X in
which w is not a subword. Clearly X,, C X, and so the topological entropy of X,
is not more than that of X. We wish to estimate the size of the drop in topological
entropy h'P(X) — h'’(X,), and how this quantity behaves as n — oo. To more
rigorously state and approach this problem, we begin with some definitions. Some of
these terms have already been defined in Chapter 2, but we repeat the definitions for

the more general setup of Chapter 3.

-----

-----
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p,q € R d(p,q) == |p — qlee = maxi<i<q|p; — ¢;|. For each 1 < i < d, we denote by
e; the ith element of the standard basis for Z?, and for p,q € RY, the distance in

the e;-direction between p and ¢ is defined to be [p; — ¢;|.

Definition 3.1.1. An alphabet is a finite set. For any alphabet A, we define the Z%-
shift action {0, }peza on Q= A% as follows: for any v € Z¢ and x € Q, (0,(x))(u) =

z(v+u) for all u € Z°.
Definition 3.1.2. A Z%-subshift on an alphabet A is a set X C Q with the following
two properties:

(i) X is shift-invariant, meaning that for any z € X and p € Z¢, 0,(z) € X.

(ii) X is closed in the product topology on €.
For any Z%-subshift X, (X, {0, }veze) is a symbolic dynamical system.

Definition 3.1.3. A Borel probability measure of € supported on a subshift X is er-
godic if the measure-preserving dynamical system (X, B(X), pu,{Ty}veza) is ergodic,
where B(X) is the Borel o-algebra of X.

Definition 3.1.4. A word u on the alphabet A is any mapping from a non-empty
subset S of Z to A, where S is called the shape of w. For words u and v, where
u has shape S, we say that u is a subword of u' if there exists p € Z% such that
u(q) =u'(q+p) for all g € S. In this case, we say that u occurs in u' at S+ p, or

that v/ (S + p) = u.

Definition 3.1.5. A word w with shape S is periodic with respect to v € Z¢ if
SN(S—v)#@ and w(u) = w(u+v) for allu e SN (S —wv). We also say that v is

a period of w. A word is aperiodic if it has no periods.
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Definition 3.1.6. For any T C S C Z%, we say that two words u and u' with shape

S agree on T if u(T) =u'(T), i.e. w and u' have the same letters on T.

Definition 3.1.7. The boundary of thickness k of a subset S of Z, which is
denoted by S, is the set of points p of S for which there exists a point ¢ € Z4N\.S
with d(p,q) < k. Whenever we refer to the boundary of a shape S, we mean the

boundary of thickness one.

Definition 3.1.8. T € Z¢ is called a copy of a shape S if T = S + v for some
v € Z%. This v is then called the difference of S and T, denoted by T — S. We say

that a point p € S corresponds to a point € T if p=q+ (S —1T).

Definition 3.1.9. The language of a Z*-subshift X, denoted by L(X), is the set of
words which appear as subwords of elements of X. The set of words with a particular

shape S which are in the language of X is denoted by Lg(X).

Definition 3.1.10. For a Z%-subshift X, and for any finite shape S C Z%, the number
of words in Lg(X) is denoted by Hs(X), and the natural logarithm of this quantity
is denoted by hg(X).

Definition 3.1.11. A Z?-shift of finite type is a Z%-subshift defined by specifying
a finite collection of words on A, call this collection F, and then taking X = Qf
to be the set of elements of €2 which do not contain any member of F as subwords.
Different collections F could induce the same shift of finite type; for any fived X,
the type of X is the minimum nonnegative integer t such that for some F consisting

entirely of words with shape I'y, X = Qgz. A shift of type two is called a Markov
shift.
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Definition 3.1.12. A word v with shape S forces a word w with shape T in a shift

of finite type X if any x € X with z(S) = v also has z(T) = w.

Definition 3.1.13. A subshift X is topologically transitive if there exvists x € X

for which {o,(x)},eza is dense in X, i.e. if there is x € X which contains every word

in L(X) as a subword.

Definition 3.1.14. The topological entropy of a subshift X, denoted by h**P(X),
15 defined by

(x)

Rr(X) = lim My 0\ X)

J1sg2senda—00  J1J2c Jd
Definition 3.1.15. The measure-theoretic entropy of a subshift X with respect

to a shift-invariant probability measure j1 on X, which is denoted by h,(X), is defined

by

, 1
h(X)=  lim  ——— > f(u([w])),
J15J250+ jd_)oojl‘h”.jdweLR. (X)
"1y Jd

where f(z) = —xInz for x >0 and f(0) = 0.

Both of these limits exist by subadditivity.

We now restate the question from the beginning of Chapter 3. Suppose that a Z-
subshift X on an alphabet A is given, and consider any n-letter word w € Ly, (X).
One can then define the subshift X, as consisting of all elements of X which do not
contain w as a subword. Since X, C X, h'?(X,,) < h'P(X), but it is natural to

wonder how much the entropy decreases by. For example, is it necessarily the case
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that h'P(X)—h'"P(X,,) — 0 as n — oo? It is not hard to check that this is not always
the case. For example, if X is minimal, then every x € X contains every w € L(X) as
a subword. This means that for any word w € L(X), X,, = &, and so h'?(X,,) = 0.
This means that minimality is possibly too globally defined for our purposes. It is
then natural to move to the completely local definition of a shift of finite type. In
this setup, as was already mentioned in Chapter 1, there is the following result of

Douglas Lind:

Theorem 3.1.16. ([L], p. 360, Theorem 3) For any topologically transitive Z-shift
of finite type X = Qr with positive topological entropy h'°P(X), there exist constants
Cx, Dx, and Nx such that for any n > Nx and any word w € Ly, (X), if we denote

by Xy the shift of finite type Qr(wy, then

Dx
ehtor(X)n’

OX — < htop(X) —htOp(Xw) <

ehtop (X)

Lind was apparently examining this question in order to prove some results about
the automorphism group of a shift of finite type; he needed to know that h*P(X) —
h'°P(X,) — 0 as the size n of the word w approaches infinity. ([BoyLR]). Some
work on bounds of this type in the case where X = A% was also done by Guibas and

Odylzko. ([GO1], [GO2])

We wish to prove a version of Theorem 3.1.16 for multidimensional shifts of finite
type, i.e. shifts of finite type on Z¢ with d > 1. In the remainder of this section, we
will discuss two relatively significant changes that we make in the statement of the

multidimensional extension. This discussion will have the dual purposes of motivating
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our result and illustrating some of the issues that arise in higher-dimensional symbolic
dynamics. Our methods are similar in places to those used in [QT], where the effects

on entropy of removing words from shifts of finite type are also examined.

The first problem in giving a multidimensional version of Theorem 3.1.16 comes in

changing the exponents in the denominators. The most reasonable guess is that

X)n htor(X)nd

instead of using "X in the extension we should have e . However, we
will show that this is a bit too much to hope for. Consider the following examples:
take Y = Q. Y is clearly a shift of finite type, with the set of forbidden words &.
For every j € N, we define a shift of finite type as follows: define the alphabet AY) =
Lr,(Y) = {0,1}", and define f; : ¥ — (AD)% by (f;(2))(p) = 2(p+T; = (1,...,1))
for every x € Y and p € Z?. This map is usually called the higher block presentation
of Y. (see [LM]) In other words, for every p € Z%, (f;(z))(p) is defined to be the
subword of x which lies in I'; + p — (1,...,1), or a copy of I'; whose least vertex in
the usual lexicographic order on Z? is p. Figure 3.1 illustrates the action of f, on a

typical element of Y for d = 2: (the lower-leftmost entry of each array is at the point

(1,...,1) e z%)

In Figure 3.1, the horizontal and vertical lines separate letters of the alphabet. So,
the left half shows a word with shape I'y whose letters are elements of A, namely
zeroes and ones, and the right half shows a word with shape I's on the alphabet A®),

which are themselves words with shape I'y whose letters are zeroes and ones.

With f; so defined, f;(Y") is a subshift with alphabet AU)_ In fact it is easily checkable

that f;(Y) is a Markov shift; = € (A9)2" is an element of f;(Y) if and only if for
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1 1|1 0[0 1
7777777 Ljt{oft] o ofo 1|1 1]
7777777 ojojt{t]  SH  Joojo 1|l 1|
7777777 o|tj1)1] o ootfr ot
1jofofo 0 1|1 1|1 1
1 0/0 0f[0 0

Figure 3.1: fy’s action on a sample element of Y

every p € Zd and 1 < 1 < d, x(p)(R] ..... U e B + 67;) = x(p + Gi)(Rj 77777 G.G—1,9,.., j),
where the j — 1 is in the ith subindex in both cases. Since f; is a shift-commuting
bicontinuous bijection between Y and f;(Y), f;(Y) is topologically conjugate to Y

for every j € N.

Since Y and f;(Y’) are such canonical examples of shifts of finite type (the full shift ¥’
is in some sense the simplest shift of finite type, and every f;(Y) is conjugate to it),
any meaningful extension of Lind’s result should certainly apply to them. f; can be
considered as a map between words just as easily as a function between subshifts: in
the diagram above, if one disregards the dots surrounding the words, then f, can be
thought of as sending u € Ly, (Y') to fo(u) € Lp,(f2(Y)). For this reason, and since f;

is a topological conjugacy for all j, if we consider Y,, the shift of finite type resulting
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from removing some word w with shape I', from L(Y'), and (f;(Y"))y,w) the shift of
finite type resulting from removing f;(w) from L(f;(Y)), then Y, and (f;(Y))y,;(w)
are topologically conjugate as well, and therefore have the same topological entropy.
In other words, the removal of a I',-word from L(Y') results in the same drop in
topological entropy as the removal of a I',,_;1-word from L(f;(Y)). Now, let us
suppose that Lind’s result can be extended by simply changing the n in the exponent

to an n?. This would result in something that looks like this:

Possible Theorem 3.1.17. For any d > 1 and any topologically transitive shift
X = QF of finite type with positive topological entropy h'°P(X), there exist constants
Cx, Dx, and Nx such that for any n > Nx and any word w € Ly, (X), if we denote

by Xy the shift of finite type Qr(wy, then

Dx
ohtoP(X)nd

Cx - < hlP(X) — B'P(X,) <

ohtP (X)n

We can now show that this possible extension cannot be true; suppose that there
exist such constants Cy, Dy, and Ny, which satisfy Possible Theorem 3.1.17 for Y,
and for any j > 1, Cy.(y), Dy,(v), and Ny, y), which satisfy Possible Theorem 3.1.17
for f;(Y). Then, for any word w € Lp,(Y'), where n > Ny,

Dy
chtP(Y)nd -

Oy — < hP(Y) — hP(Y,,) <

ot (Y)n

By the previous argument, this means that for any 7,

C ) ) D
s < W)~ B ) ) < (3.1)
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And by the definitions of C, v, Dy, ), and Ny, (y), and since f;(w) € Lr,_,,(f;(Y)),

as long as n — j + 1 > Ny (y), we know that

ij(Y) top top ij(Y)
oyt < ) =BG sw) < Smmanpeomr (32)

However, since d > 1, for large enough n, since h'P(f;(Y)) = h'P(Y), M”07 )ne
grows much more quickly than e ®=i+1)* Therefore (3.1) and (3.2) contradict
each other. The problem that must be addressed is that due to examples such as
these, there must be some sort of a “tolerance range” around n in any meaningful
multidimensional version of Theorem 3.1.16. In other words, we should amend our

possible extension to the following:

Possible Theorem 3.1.18. For any d > 1 and any topologically transitive shift
X = Qg of finite type with positive topological entropy h'°P(X), there exist constants
Cx,Dx >0, Ax,Bx, and Nx € N such that for any n > Nx and any word w €

Lr,(X), if we denote by X,, the shift of finite type Qriqwy, then

Cx
ehtor(X)(n+Ax)

Dx
htor (X)(nt Bx)d "

< BP(X) — hiP(X,) <

Since j could be arbitrarily large in the definition of f;(Y"), it must be the case that Ax
and By depend on X rather than being absolute constants. In fact, such constants
Ay and By could be thought of as being present in Theorem 3.1.16 as well, but

hidden inside the constants C'y and Dy. This new version is still not true, however.
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Figure 3.2: A portion of a sample element of Z

This time, the problem is not with the conclusion, but the hypotheses. Topological
transitivity is not nearly a strong enough hypothesis in several dimensions to get
the type of result that we are after, and in fact we will see that topological mixing
is not nearly good enough either. To show this, we consider a subshift called the
checkerboard island shift, which we call Z, defined by Quas and Sahin in [QS]. Z is
a Z2-Markov shift, on an alphabet A with thirteen letters. Z is also topologically

mixing; for a proof see [QS].

All letters of A and elements of L, (X) are displayed in Figure 3.2. In other words,
a two-by-two word of symbols is in L(Z) if and only if it appears as a subword of the

word in Figure 3.2. Consider the word with shape I'g in Figure 3.3, which we call a,.

It will not be shown here (details are in [QS]), but an occurrence of a4 in any element
of Z forces the arrows and diagonal lines surrounding a4 in Figure 3.2, along with

a boundary of thickness one filled with empty spaces. In other words, wherever ay,
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which has shape TI'g, appears, it forces a word, which we call by, of shape I'14. by

appears in Figure 3.4.

Figure 3.3: ay4

Figure 3.4: b,

In fact, for every n > 4, there is an analogous word a, (a checkerboard of size I'y, o

with a boundary filled with arrows and diagonal lines in an analogous way to that
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of a4) which forces a word b,, of size I'y,,_ around it. We claim that for any n, the
shift Z,, obtained by removing a,, from L(Z) and the shift Z, obtained by removing
b, from L(Z) are equal. Since a, is a subword of b,, it is obvious that Z,, C Z,,.
Suppose that Z,, ¢ Z,,. Then there exists # € Z which has an occurrence of
a,, but no occurrence of b,, which, as has already been stated, is not possible. So,
Z,, = Zy,. This implies that h'P(Z)—h'P(Z,,) = h'P(Z)—h'P(Z,,). However, since
ay € Lr,, (Z)and b, € Lr,, ,(Z), we have a contradiction to Possible Theorem 3.1.18
for the same reason as we did before. Since this is true for all n, if we wish to adjust
the conditions of the conclusion again, we will have to change our “tolerance range”
from [n+ Ax,n+ Bx] to something like [nAx,nBx|, which would weaken the result
considerably. To obtain a conclusion of the strength we want, we need a stronger
mixing property than topological mixing. The notion which we use is that of strong

irreducibility.

Definition 3.1.19. A Z9-subshift X is strongly irreducible with uniform filling
length R if for any two subsets S, T of Z%, and for all p € Z2 such that d(S, T +p) >
R (that is, for allq € S andr € T +p, d(q,r) > R), and for any elements z, 2" € X,

there ezists y € X such that y(S) = x(S) and y(T + p) = /(T + p).

For the sake of comparing, we also include a definition of topological mixing whose

formulation looks similar to that of strong irreducibility:

Definition 3.1.20. A Z?-subshift X is topologically mizing if for any two subsets

S and T of Z%, there exists Rsr such that for all p € Z% with the property that
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d(S,T + p) > R, and for any elements x,x’ € X, there exists y € X such that

y(5) = (5) and y(T + p) = ='(T + p).

The difference in the two definitions is subtle but important: for strong irreducibility,
the distance R that must be present between two shapes in order to make interpolation
possible is independent of the shapes involved, whereas in topological mixing, this
distance can depend on the shapes. This distinction is irrelevant in one dimension,
since strong irreducibility and topological mixing are the same concept for Z-subshifts.
(To see this, note that for a Z-shift of finite type, a distance sufficient for interpolating
between two letters of the alphabet is sufficient to interpolate between any two words.)
However, strong irreducibility is a strictly stronger notion in more than one dimension.
Pertinent for our purposes is the fact that if #(S) = w for some x in a stongly
irreducible shift of finite type X, then the occurrence of w at S can only “force”
letters to appear in the region of Z? within distance R of S. This is because for any
v € Z4 with d(v,S) > R and any a € A, by the definition of strong irreducibility
there is some y € X with y(S) = w and y(v) = a. For this reason, the checkerboard
island system Z is topologically mixing but not strongly irreducible. Armed with this

stronger hypothesis, we can now refine Possible Theorem 3.1.18 a bit more:

Possible Theorem 3.1.21. For any d > 1 and any strongly irreducible shift X = Qg
of finite type with uniform filling length R and positive topological entropy h'°P(X),
there exist constants C'x,Dx > 0, Ax, Bx, and Nx € N such that for any n > Nx

and any word w € Ly, (X), if we denote by X,, the shift of finite type Qr gy, then
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Cx

htr (X) (n+-Ax)

Dx
eh (X (nt Bx)

< BP(X) — hiP(X,) <

In fact the above is now provable with correct choices for the pertinent constants,

and so we state our main result:

Theorem 3.1.22. For any d > 1 and any strongly irreducible shift X = Qr of finite
type with uniform filling length R and positive topological entropy h'°P(X), there exist
constants Nx € N and Dx € R such that for anyn > Nx and any word w € Ly, (X),

if we denote by X,, the shift of finite type Qr ), then

1 to to DX
oy < 1 (X) = R (Xw) < St e

Before beginning with the preliminaries of a proof, we make an observation: our
example shifts of finite type f;(Y) used above to show the necessity of the constants
Ay and By in this statement did not actually show that Ay and By are not the
same; it is possible that Ay, vy = By, y) = j for all j. However, we may now introduce

another example to show that in fact Ax and Bx must be distinct for certain X.

Consider, again for any j > 1, and any dimension d, the shift of finite type Z; on
the alphabet {0,1} defined by the set of forbidden words F; = {w € {0,1}"

w has at least two ones}. In other words, Z; consists of all infinite words of zeroes
and ones on Z? such that any two ones are a d-distance of at least j from each other.
By definition, Z; is clearly a shift of finite type. We also claim that it is strongly
irreducible with R = j — 1: consider any words « € Lg(Z;) and 2’ € Ly(Z;) such

that d(S,T) > j — 1. Take y € {0, 1}2" defined by y(S) = =, y(T) = «’, and y(p) = 0
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for any p ¢ SUT. We claim that y € Z;: suppose, on the contrary, that y ¢ Z;.
Then there exist a,b € Z? such that d(a,b) < j, and y(a) = y(b) = 1. If a,b € S,
then x contains two ones a d-distance less than j apart and cannot be in L(X), a
contradiction. We arrive at a similar contradiction if a,b € T. Clearly we cannot
have a € S and b € T since d(S,T) > j — 1, and similarly it cannot be the case that
a € T and b € S. But since the only ones in y are in S or T, we have exhausted
all possible cases. Therefore, y € Z;. By definition, Z; is strongly irreducible with
R = j—1. We claim that in the language of Possible Theorem 3.1.21, it must be the

case that Az, # Bz, and in fact that Az, — Bz, > 2j — 2 = 2R.

To prove this, we first make a definition: for any n > 0, we define the word a,, with
shape I';,; 11 by a,(p) = 1 if and only if all coordinates of p are equal to one modulo
j. a, € L(Z;) since it contains no two ones a d-distance of less than j apart. Let
us also for any n > 0 define the word b, with shape I'(,49);-1 where b, has a, as
a subword occupying the central I',;11, and has zeroes on all of ng ;12)”_1. By the
definition of Z;, any occurrence of a,, in an element of Z; forces an occurrence of b,
containing it. Therefore, as argued for f;(Y), (Z;)a, = (Z;)s, for any n. However,
the size of the shape of b, is 25 — 2 bigger than that of a, for any n, and so for any
Ag;, Bgz;, Cz,, and Dz, which satisfy Possible Theorem 3.1.21, it must be the case
that Az, — Bz, > 2j — 2 = 2R for any j. Although this does not show that the
bounds in Theorem 3.1.22 are optimal, it does show that Ax — Bx must be at least

linear in R, and so the value of 46 R + 70 for Ax — Bx attained in Theorem 3.1.22

can be improved by at most additive and multiplicative constants.
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Before beginning to prove our main result, we now briefly outline the content of this
paper. The main idea in the proof of Theorem 3.1.22 is to use strong irreducibility

to find a word w’ # w where w and w’ agree on T

, and then define a map which
replaces all occurrences of w by w' in large words v € Lp, (X). In order to know how
many-to-one this map is, it is important to know how many times w and w’ appear in
a “typical” v € Lr, (X). In Section 3.2, we use ergodic measures of maximal entropy
to show that for fixed n, any w € Lr, (X), and large k, there are “many” words v
in Lr, (X) for which we have good bounds from above and below on the number of
occurrences of w in v. Namely, for a large set of v, the number of occurrences of w is
roughly k%i([w]), where 1 is an ergodic measure of maximal entropy on X. We then
use a result of Burton and Steif ([BuS1], [BuS2]) to give upper and lower bounds on

7i([w]) of the type e~ M (X)),

There is a slight problem though; it is entirely possible that a replacement of w
by w’ could create a new occurrence of w, which could make this replacement map
extremely unwieldy and hard to deal with. What we would like is a word w’ such
that replacing w by w’ can never create a new occurrence of w. Unfortunately, this
is impossible for some choices of w. In Section 3.3, we prove a slightly weaker fact
that is still sufficient for our purposes; for any w € Lr, (X), there exists a subword
w' € Ly, (X) with m not much smaller than n for which there exists w” # w’ where

%)

w’ and w” agree on I';; and where a replacement of w’ by w” can never create a new

occurrence of w'.

Section 3.4 contains the proof of Theorem 3.1.22. The proof is done by considering
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maps between L(X) and L(X,) which either introduce or destroy occurrences of w
(which is done by using the result of Section 3.3 to perform various replacements), and
estimating the sizes of images or preimages under these maps. We can make certain
helpful assumptions about the words in which these replacements take place (such as

the approximate number of occurrences of w) by using the results of Section 3.2.

In Section 3.5, we deal with a simplified version of our main result where the word w in
question is already chosen to have a nice property. (namely, that there exists w’ such
that replacing w by w’ can neither accidentally create new w or w’ or destroy existing
w or w') In this case, we prove that (In 2)7,, ([w']) < h*P(X)—h'?P(X,,) < 2(In2)u([w])
for any gz an ergodic measure of maximal entropy on X and fi,, an ergodic measure
of maximal entropy on X,,. We then show that it is not possible to prove a lower

bound on A'P(X) — h'P(X,,) of the form Cpi([w]) for constant C'.

In Section 3.6, we prove a corollary using our methods: for any alphabet A, and
given any set of words wy, ..., w,, where the size of w;,; is much greater than that
of w; for 1 <@ <m, Yy,  w, # 3, where Y = Q is the full shift. This can be seen
to be related to some of the so-called undecidability questions in Z¢ shifts of finite
type; given a set F of words, it is algorithmically undecidable whether or not 2z
is nonempty. The corollary described gives a condition under which this question is

easily answered.

Finally, in Section 3.7, we give some open questions that arise in the course of proving

our results.
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3.2 Some measure-theoretic preliminaries

We will now move towards proving Theorem 3.1.22. We first need a lemma about

strongly irreducible systems:

Lemma 3.2.1. For any Z%-subshift X which is strongly irreducible with uniform fill-

h'P(X)jrj2ja < Hr . |
— 91,325--dq

ing length R and for any rectangular prism R, X)

1,J25e-Jd?

< M PX)G1HR)(j2+R)(a+ R)

Proof: We first prove the first inequality: take any rectangular prism R; ;. For

any k € N, since Ryj,,  rj, can be partitioned into t¢ disjoint copies of Rj . a5

Hp,

Tl kjd(

X) <

(X )**. Take natural logarithms of both sides and divide by

k?djl e 'jdi

kg -+ ja Juicda

(X
and by letting k approach infinity, we see that h'?(X) < %‘Z(), which implies

We prove the second inequality in almost the same way: again consider any rect-
angular prism R; ;. For any positive integer k, Ri(j,+R)k(jo+R)....k(ju+R) Can be
broken into k¢ copies of Rj 4 r. . j,+r, and we can choose copies of R;, _;, inside each

Rj iR, j,+r so that the d-distance between any pair of these R;, . j, is greater than

d

R. This is illustrated in Figure 3.5.

(A note on figures: all figures in this paper are drawn with d = 2, but this is in some

sense without loss of generality; all of the ideas that we use can be illustrated via
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J=1 JR

Figure 3.5: Ri(ji 1 R) k(ja-+B).....k(Gat R)
two-dimensional pictures. All constructions and descriptions are carried out in full
generality.)

By strong irreducibility, for any way of filling these k% copies of Rj, _;, with words in

~~~~~ Jd

Ry, ..., gd( ) th(lerR) AAAAA k(jd+R)< )
Ui+ R)(atR) ™ k(Gr+R) - (Jat R)
th ----- Jd (X

< h'P(X), or that

and by letting k approach infinity, we see that Gabmm =

(X) < M PG +RGat-R)~(at )
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To prove Theorem 3.1.22, we will be repeatedly using the concept of a measure of

maximal entropy.

Definition 3.2.2. A shift-invariant probability measure p on a subshift X is called

a measure of maximal entropy if h,(X) = h'?(X).

Such measures are said to have maximal entropy because of the following Variational

Principle:

Theorem 3.2.3. For any Z-subshift X, h'P(X) = sup h,,(X), where u ranges over
all shift-invariant Borel probability measures on X. This supremum is achieved for

some L.

See [M] for a proof. A useful observation is that since the extreme points of the
set of measures of maximal entropy are ergodic, and since the set of measures of
maximal entropy is nonempty for subshifts, any subshift also has an ergodic measure

of maximal entropy. (See [Wal] for details.) We need the following proposition:

Proposition 3.2.4. ([BuS2|, p. 281, Proposition 1.20) Let pu be a measure of maximal
entropy for a Z-shift X of finite type t. Then for any shape U C Z2, the conditional
distribution of p on U giwen a fized word w € Lyeye (X) 1s uniform over all words
x € Ly(X) such that the word y with shape U U (U®)® defined by y(U) = = and
y((U)W) = w is in L(X).

We have the following convenient restatement:

Proposition 3.2.5. For any Z%-shift X of finite type t, and for any measure jn of

mazimal entropy on X, and for any word w € Lg(X), and for any shape S® C T C
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S, p([w]) = #(% In other words, any two words with the same shape S which

agree on T have the same measure under L.

Proof: Consider any two words w,w’ € Lg(X) with w(T) = w'(T"). We claim that

t

((SN\SW)e) M c 50, Consider p € ((S\S(t))c)() By definition, p € (S\.S®)°
and there exists ¢ € S\.S® such that d(p,q) < t. Suppose that p € S°¢. Then,
since d(p,q) < t and since ¢ € S, by definition, ¢ € S®, a contradiction. Therefore,
p € S. Since p € (S\S®), this implies that p € S, Therefore, ((SN\.S?)°) M
SO, We define z = w(S\.S®) and 2/ = w'(S\.S®). Since S® C T, and since
((SNSD)) € O w(((SN\SD)) ) = w/ (((S\S5D)°)"). Therefore, if we de-
fine 2 = w(((S\S(t))C) ), then since either = or 2/ could fill S\S® while = fills

((SN\SD)e) (t), we may take U = S\.S® and use Proposition 3.2.4 to see that

p(w) = p(w').

Lemma 3.2.6. For any strongly irreducible Z%- shift X of finite type t with uniform
filling length R, and for any measure p of maximal entropy on X, and for any word

u with shape S a subset of Iy,

1 < ulfe]) €
w(X) ~ T Hesm (X))

(sugse)erm )N (suse) )
Proof: Before we begin the proof, we recall that for any positive integer j, S is

the boundary of thickness j of S, and that (S°)¥) is the boundary of thickness j of
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the complement of S, i.e. the set of all points p ¢ S for which there exists ¢ € S with
d(p,q) < j.

Fix u € Lg(X). We begin by bounding p([u]) from below. Choose any word v €
Lisuse)e+myo (X). We claim that d(S, (5L (59) 7)) > R Consider any p € S
and ¢ € (S U (S) 1) By definition, there exists r ¢ S U (S¢)*F such that
d(q,r) <t. Also by definition, d(p,r) > R + t. Therefore, by the triangle inequality,
d(p,q) > R, as claimed. This means that by strong irreducibility, there exists a

word w, € Lgygeye+m (X) such that w,(S) = uw and w,((S U (S9)FFR)D) = o,

- #([v]) o > p(v]) -
Nlv]| — '
su(se)(t+R) (X) | (Su(sc)(t+R)) N (Su(SC)<t+R)) (t) (X)

The inequality comes from the fact that the number of words in L(X) with shape

By Proposition 3.2.5, pu([w,]) = |

S U (SR with the fixed word v on (S U (S¢) ) is clearly less than or equal
to the number of words in L(X) with shape (S LI (S¢)E)\ (S U (SC)(HR))“). For

clarity, we rewrite:

wllwn]) = = () : (3.3)

(su(sc)(t+R))\ <5u(5c)(t+R)> ® (X)

If we sum (3.3) over all possible choices for v, then we get

DverL suiser(t+R)y (6 (X) p([v])
> plfwn]) = 5 (3.4)

’UEL(S\_I(SC)OH’R))(t) (X) (Su(Sc)(t+R))\ (Su(Sc)(t+R))

Note that all w, are distinct, and for all w,, w,(S) = u. Therefore,

U lwlC

VEL g gy (t+R) (1) (X)
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and so >
>

o) < (). Since Uney | ool = X,

VEL (su(se)(t+HR) (1)

(x) #([v]) = 1. By combining these facts with (3.4), we see that

VEL (su(se) (R (1)

1

> .
p([u]) = H(Su(5c)(t+R>) (sugseyesm) (X)
We now bound p([u]) from above. Choose any word v € Lg(gey (X) with v(S) = w.
We wish to use Proposition 3.2.5 with (S¢)® as our T'. To do so, we need to know that
(SLI(SE)N® C (5B C S1L(S°) . The second containment is trivial. To prove the
first, suppose that p € (S U (S°)®)®. By definition, there then exists ¢ ¢ S LI (5¢)®
such that d(p,q) < t. Since ¢ ¢ S (S°)®, in particular ¢ ¢ S, or ¢ € S¢. Therefore,

since d(p,q) < t, p € (5°)® by definition. We now apply Proposition 3.2.5:

(s @)
) = oo X A (SO (3:5)

We claim that d(S\ .S (S)®) > R; choose any p € S\.S® and ¢ € (5°)®.

Clearly q € S°. If d(p, q) < R, then p € S a contradiction. Thus, d(p, ¢) > R. This
implies that for any v, and for any v € Lg\ g (X), there exists y € Lg (geyw (X) with
y((59)9) = v((89)) and y(SN\S™) = v'. Therefore, |Lg(gey0 (X) N [v((S)W)]| =

Hg\ s (X). By using this fact and summing (3.5) over all possible v, we get

> ver o (X)N[y] p(fo((S9)D)])
su(se)(®
E u([v]) < o (X) : (3.6)

UELSu(SC)(t) (X)N[u]

Note that since all v are distinct, |J [v] = [u], and so

UeLSu(SC)(t) (X)ﬂ[u]
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Y el oo (0N w([v]) = p([u]). Also note that since all v are distinct, but all have
su(se)(t
v(S) = U, it must be the case that all v((S°)®)) are distinct, and so
> (o ((S9)™))) < 1.
veLSu(SC)(t> (X)ﬂ[u}

Combining these facts with (3.6), we see that

1

p(fu]) < m,

which, along with the lower bound on p([u]) already achieved, completes the proof.

O

To avoid confusion, from now on we use & to denote an ergodic measure of maximal
entropy on a subshift X, and p to denote a shift-invariant probability measure which

may or may not be of maximal entropy.

Lemma 3.2.7. For any Z%-subshift X, and for any shift-invariant ergodic probability

measure p on X, and for any finite set of words uy € Lg,(X), us € Lg,(X),...,u; €

.....

have between k%(u([u;]) — €) and k¥ (p([us]) + €) occurrences of u; for all 1 < i < j,

In |Ak,e,p,ul,u.,u]- (X
kd

then liminf,_, o

1> ().

Proof: (For brevity, we use the shorthand notation pi(Agepu,,....u; (X)) for the mea-

.....

sure of the union of all cylinder sets corresponding to words in Ay iu;,...0; (X).) Fix

.....

any € > 0. Firstly, we notice that it is a simple consequence of Birkhoft’s ergodic

77777
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.1
khlgo i ; Xw (07 (2)) = p([w;]) for almost every z € X,
pely,

where o represents the Z? action by shifts on X. Convergence almost everywhere

implies convergence in measure, meaning that

lim u({x 2 S xu(07(@) € ) e, (] o) for 1< i < j}) =1 (37)

pely

Denote by A; X) the set whose measure is taken on the lefthand side of

ko€, ... U (

(3.7). Then whether or not x € X lies in A

bequr,..u; (X ) depends only on its values

on ['yipr, where M is the minimum integer such that all .S; are subsets of some copy

of T'ys. Therefore, A

bequs,u; (X ) 15 & union of cylinder sets of words in L, ,, (X).

It is not hard to see that for large k, any word whose cylinder set is a subset of
A;’g’#’ulwuj (X) is an element of Agyrrepu,,..u;(X). Combining this with the fact

that (3.7) is true for any € > 0, we see that limy oo pt(Ak,epur,...u; (X)) = 1.

We now write out the formula for the measure-theoretic entropy of X:

(Xg—llm— > flw

k—oo k
UGLFTL (X)

where f(z) = —zlnz for x > 0 and f(0) = 0. Since ¢ is a measure-theoretic
generator for the o-algebra of Borel sets in X, we know that h,(X,§) = h,(X). (For
more information on measure-theoretic and topological generators, see [Wal])We now

partition Lr, (X) into the two pieces A puy,...u; (X) and Ap ey ,..u; (X)
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) =Jim (S f)

k—o00
ueAk&,H,uhuwu]‘ (X)

Y ).

uIEAk,G»M”Mwnuj (X)e

To estimate each summand, we use the easily checkable fact that for any set of
nonnegative reals o, oo, ..., a;y whose sum is 3, the maximum value of Zflzl flay)
occurs when all terms are equal, and is 3 In % Using this, we see that the above sum

is bounded from above by

Hy, () )

It GOl approaches hep(X) <

-----

00, the second term approaches zero as k — oo. By replacing (A pui,....u; (X)) by

1 in the limit in the first term, we see that

P |
h,(X) < liminf 7 I | Ag e s (X1,

k—oo k& 7T

which was exactly what needed to be shown.

0

Corollary 3.2.8. For any strongly irreducible Z*-shift X of finite type t with uniform
filling length R, for any € > 0, and for any positive integers k and M, denote by

Agem(X) the set of words w in Lr, (X) with between
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kd(H L X e) and kd(H;R(X) + e) occurrences of u; €
(Siu(sz‘c)(t+R)>\ (Siu(SiC)(t+R))< ) Si\Sl( )
Ls,(X) for every word u; with shape S; C I'yr. Then,

i DA (O],
e

Proof: Using a combination of Lemmas 3.2.6 and 3.2.7 for any fixed g an ergodic

measure of maximal entropy on X shows that

lim inf —ln [Ar.e. (X))

pinf “EEAT 2 5(X) = 1 (X),

And by the definition of topological entropy,

lim sup —ln |Ak’E’M(X)| < lim sup —hr’;{;(dX)

k—oo k:d k—o0

— h'P(X),

3.3 A replacement theorem

We must prove an auxiliary theorem about replacements which is mostly combinato-
rial in nature, and which will be integral in the proof of the upper bound portion of

Theorem 3.1.22.

Theorem 3.3.1. For any strongly irreducible Z4-Markov shift X with uniform filling
length R, there exists N depending on X such that for any choice of w € Ly, (X)
with n > N, there exists w' € Lr, (X) a subword of w, where m > n — nl’ﬁ, and

w” € Ly, (X) so that w" and w' agree on the boundary, and with the property that
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replacing an occurrence of w' by w” in any element of X cannot possibly create a new

occurrence of w'.

Proof: First let us make sure that the statement of Theorem 3.3.1 is totally clear.
What this means is that we find w',w” € Lr,, (X) such that v’ is a subword of w, w'
and w” agree on the boundary, and such that the following is true: for any x € X
with z(S) = w' for some S a copy of I',,, if one defines 2’ € X by replacing z(S5)

by w”, then for any T" a copy of I';,, such that 2/(T") = w’, it must be the case that

1 1
z(T) = w'. We define | = thoi,n(?())d-‘ +1lorl = Khi?(?())d-‘ + 2, whichever is
odd. Then, Hy, (X) is, by Lemma 3.2.1, at least eh' XU 5 gdlnn — pd - Thig is
greater than the number of words with shape I'; which occur as subwords of w, and

so therefore there exists a word a € Lr,(X) which is not a subword of w. This allows

us to make a definition:

Definition 3.3.2. Given a subword u of w, choose a subword of u of shape I'sgyy
which does not contain any portion of the boundary of u, and use strong irreducibil-
ity to replace this subword by any word of shape U'sgyy which has a as the subword
occupying its central I';. The word that w has become after this replacement is called

a standard replacement of u, and so is any word created in this way.

Choosing the I'sg; to be replaced to be disjoint from the boundary of u ensures that
any standard replacement of u agrees on the boundary with u. This means that since
X is a Markov shift, any occurrence of u in a point z € X can be replaced by a

standard replacement u’, and the resulting element of Q is still in X.

Definition 3.3.3. A subwordu € Ly, (X) of w has Property A if for every standard
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a

R+1$

R+1 Ryl

shaded portion is filled in by
using strong irreducibility

Figure 3.6: A standard replacement of u

replacement v’ of u, replacing u by u' in some v € X could possibly create a new
occurrence of w. In other words, for every standard replacement u' of u, there exists
x € X and S, T copies of 'y, such that x(S) = u, x(T) # u, and if we define ' € X

by replacing x(S) by u', then z'(T) = u.

Clearly, if we can find u a subword of w which is large enough and does not have

Property A, we will be done.

The organization of this induction is a bit odd, so we give a quick overview. We will
construct a sequence w; of subwords of w, where w; = w and each is a subword of
the previous. Each w, has shape a cube. We will be able to show that one of these w;
does not have Property A, and that it is large enough in the sense of Theorem 3.3.1.
However, the construction of these w; depends on a fact about periodicity of subwords

of w which have Property A, which we must prove first. We will set up and prove
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this periodicity fact for any w; even though w; has not yet been defined for j > 1.
This is not a problem though; this proof depends only on w; being a subword of w,

which will be clearly true once the definitions of w; are able to be made.

Let’s assume that w; has Property A for some j. For the purpose of the following
constructions, it is helpful to picture w; as fixed in space, so say that w; has shape
Iy, i.e. the cube with size n; which lies entirely within the positive octant of Z4
and has a vertex at (1,1,...,1). To make sure to distinguish it from other copies of
I[',;, we call the shape that this fixed occurrence of w; occupies B;. We take a copy

F3(2R+Z) M},ﬁ)w or F3(2R+l)((n§17ﬁ)—‘ ) (call it A;, and its size k;), where the size
is chosen to have the same parity as n;, and which is central in B;, and partition
it into (3([n§17i)1))d or (3([71;172%)1) - 1)d disjoint copies of T'yg.;. Consider only
the interior copies of I'sg4; in this partition, i.e. the ones which are disjoint from the
boundary of A;. For large n;, there are more than anjfé of these, and to each one
we may associate a standard replacement of w;, and since w; has Property A, also
a copy of I';,, which overlaps B; which could somehow be filled with w; at the same
time that B; is filled with the standard replacement in question. We use R; to denote

the set (possibly with repetitions) of these copies of I',,,.

Recall that each of these represents a possible new occurrence of w; created by per-
forming a standard replacement. Since any of the standard replacements that we
would perform is done by changing only letters in a particular I';gy; in B;, it must
be the case that every element of R; contains some portion of its associated ['ar4;.

(Otherwise, the supposed “new” occurrence of w; would have already existed before
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Figure 3.7: A sample element S of R;

the replacement.) Also, since every standard replacement results in some occurrence
of a in A;, and since a is not a subword of w;, none of the elements in R; contains
all of its associated I'sgpy;. In Figure 3.7, the element of R; shown, which we call
S, is associated to the standard replacement given by changing the letters in the

highlighted T'yg;.

We first make the claim that R; contains no repeated elements, i.e. that two distinct

copies of I';py; must be associated to distinct elements of R;.

In Figure 3.8, suppose that S is associated to the standard replacements correspond-

ing to each of U and V, the two highlighted copies of I'sg,;. This means that there
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Figure 3.8: An element S of R; associated to two standard replacements

exists a word u € Lp,us(X) with u(S) = w; and u(B;) = w}, where w/ is a standard
replacement of w; made by changing only the letters in U. The letters in U NS must
be changed from their values in w; in order for the occurrence of w; in S to be “new.”
Therefore, u(B;,\U) = w;(B;\U), and w(UNYS) # w;(UN.S). Similarly, there exists
a word v’ € Lp,us(X) with v'(S) = w;, v'(B;\V) = w;(B;\V), and u/(V N S) #
w;(V N S). Since U and V' are disjoint, this implies that w(U N S) # w;(U N S) and
W'(UNS)=w;(UNS), and so that w(U N S) # «'(UNS). But u(S) = u/(5) = w;,
and since U NS C S we have a contradiction. Now we know that R; consists of more

_1
than an;-l * distinct copies of Ty,
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Definition 3.3.4. A suboctant of B; is a subcube of B; which shares vertices with
both B; and A;, is contained in B;, and whose intersection with A; contains only the

shared vertex. (See Figure 3.9.)

I suboctants

R

Figure 3.9: The suboctants of B;

It is fairly clear upon observation that each element of R; must contain some suboc-

tant of B;, since each element of IR; contains some portion of A;. Since I; has more
d—% .. . . L . .

than 2dnj * distinct elements, there is some suboctant O; which is contained in more

1

2

d— . .
than n; * of the copies of I, in R;.

We now prove a fact about the periodicity of a set which is contained in two elements
of R;. Suppose that two distinct elements S and S’ of R; are given such that S —.5,

which we denote by v, is a multiple of e; for some 1 < i < d. We make the additional
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assumption that both S and S’ contain some suboctant O of B;, and assume without
loss of generality that O is the least suboctant lexicographically of B;, i.e. O has the
point (1,...,1) as a vertex, and that v is a negative multiple of e;. (This is without
loss of generality because one can make these assumptions simply by renaming S and
S" and/or reflecting B; several times, which does not affect our proof.) We will show

that certain portions of w; must be periodic based just on these hypotheses.

1%
= D

r'+v ¢

uv
] v’
N/ ptv p /
O P

t+v t

Figure 3.10: Elements S, S" of R; whose difference is a multiple of e;

In Figure 3.10, ¢ is any point of B; such that ¢ + v is also in B;, O’ is the suboctant

of B; opposite O, ¢ is the vertex shared by O and B;, r is the vertex of B; opposite
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¢, p is the vertex of S corresponding to r in Bj, and v/ =t — (p +v). P and P’ are

subcubes of O and O, respectively, which share vertices with A; and whose size is

n;j—k;

— k;, or the size of O minus the size of A;. (The dotted line portions are copies
of A; to remind us of the definition of P and P’, but are themselves irrelevant and
are not named.) We define t' to be r + v/, giving us two new points ¢’ and ' + v.
Since S, 5" € R;, they may each be filled with w; when B; is filled with the correct
standard replacement of w;. Call U the copy of I'sg4; on which w; is altered to make
the standard replacement which allows S to be filled with w;, and V' the copy of
I'yp4: on which wj is altered to make the standard replacement which allows S’ to be
filled with w;. (A quick note: in several figures in this paper, we represent a point

p € Z4 by the vector which points from 0 to p.)

We first claim that if ¢,¢ +v € P, then t/,¢' +v € B\ (U U V). Suppose that
t,t +v € P. Since S’ contains some portion of V', but does not contain all of V', the

same can be said of A;; S’ contains some portion of A;, but not all of A;. Therefore,

nj-i-k:j

5. (We always use the word

some coordinate of p + v is between ”7—;]’% + 1 and
“between” in the inclusive sense.) The fact that S’ has nonempty intersection with

A; also implies that all coordinates of p + v are between n]—;kJ + 1 and nj;, since all

coordinates of all elements of A; are at least nJ—;k] + 1. Since t € P, every coordinate

of t is between k;+1 and % This implies that every coordinate of v’ is nonpositive

and at least —n; + 1, and also that one coordinate of v’ is at least —"J%kj + 1. Then,
nj+kj

5 + 1, and therefore does not

t' =r 4+ is in B;, and has one coordinate at least

lie in A;, and so is not in U or V. Since ¢t + v € P, the same argument shows that
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t' 4+ v is in B;, but does not lie in U or V. Clearly, since U and V are disjoint from

the boundary of A; by their construction, ¢,¢ + v are not in U or V either.

Suppose that ¢, t+v,t,t'+v € B\ (UUV). Then by noting that S can be filled with
w; when B; is filled with a standard replacement of w; which agrees with w; outside
of U UV, we can infer that w;(t) = w;(# + v) (this is because ¢ € S corresponds
to t' + v € Bj), and by noting that S’ can be filled with w; when B; is filled with
a standard replacement of w; which agrees with w; outside of U UV, we infer that
w;(t) = w;(t') and w;(t +v) = w;(t' + v). (This is because t € S’ corresponds to
t' € B, and t+v € S’ corresponds to t'+v € B;) This implies that w;(t) = w;(t+v).
This conclusion was dependent only on the fact that ¢t,t + v, ¢/, ¢’ +v € B\ (UUV).
We have already shown that this is true for any ¢,t+v € P, and so w;(P) is periodic

with respect to v.

Note that in the course of this argument, we have also shown that w;(t') = w;(t'+v).
We claim that any pair of points in P’ which are separated by v are ¢’ and ¢’ + v
for some choice of t,t +v € B;\(U U V). To do this, we just determine ¢ from ¢":

if ' € P’, then every coordinate of v’ is between —nj%kj and —k; + 1. As already

. . —k .
mentioned, all coordinates of p 4+ v are between "32—3 +1 and n;, and one coordinate

TLj-‘rkj

is between % + 1 and =52, This implies that p + v + v’ = t has all coordinates

ng;—

k.
2 J+1’

between 1 and n;, and so is in B;, and that one coordinate is between 1 and
which implies that ¢ either does not lie in A; or lies in the boundary of A;, and, in
either case, does not lie in U or V. Since t' +v € P’, the same argument shows that

t+visin B;, but does not lie in U or V. We have then shown that ¢ and ¢’ 4+ v could
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be any pair of points in P’ separated by v, and so the fact that w;(t') = w;(# +v) in

the above argument shows that w;(P”’) is also periodic with respect to v.

We will use this fact momentarily; for now let’s recall that we earlier showed that
some suboctant O; of B; is contained in more than nj_% distinct elements of R;. As
before, denote by ¢ the vertex of B; shared by B; and Oj, and by r the vertex of B;
opposite g. It is clear upon observation that for any element S of R; which contains
O;, the vertex of S which corresponds to r in B; must be contained in B;. Fix any e;

in Z%. B; can be partitioned into n;-l’l sets {w +me; fo<m<n, Where w ranges over all

1
d—3

points w in B; with w; = 1, and by the above comments, there are more than n;

distinct points in B; which are vertices of elements of R; which contain O;. By the
pigeonhole principle, this implies that one of the sets {w +me; }o<m<n, contains more
than ,/n; of these vertices. Again by the pigeonhole principle, this implies that there
are two elements of R;, call them S and S’, which contain O; and where S — S is a
multiple of e; whose length is less than ,/n;. We make the notation vgj )= g — 8.

This in turn implies that w; is periodic with respect to vi(j ) on the regions above
described as P and P’, and since these regions are dependent on O; and O;», we call
them P; and P}. Since this can be done for all 1 < i < d, w;(P;) and w;(P;)) are
periodic with respect to vgj ), Uéj ), e ,Uflj ) where for each 1 <1 <d, UZ(j )is a multiple
of e; with length less than ,/n;. This implies that their lengths are less than \/n as

well, since n; < n.

Definition 3.3.5. A word w is purely periodic if for some positive integersny, ..., ng,

it 1s periodic with respect to n;e; for 1 <1 < d.
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We have then shown that if w; has Property A, then there are regions P; and P;
as described above so that w;(P;) and w;(Pj) are purely periodic with all periods
less than y/n. In particular, the preceding is true for j = 1 and w; = w. For

(1)

each 1 < ¢ < d, we can then choose v;”’ a multiple of e; which is a period for
wy(Py) and wy(P]) and which has length less than /n. We now choose wy a subword
of wy. For sufficiently large n;, we take wy to be the subword of w; with shape
By, = I’m_<(10.32d)(2R+” (ﬂi_iw and which still has ¢, the vertex shared by O; and
By, as a vertex. The purpose of this is to cause the forced purely periodic portion P,
of wy to contain a purely periodic central cube within wy. We will choose subsequent
w; to be purely periodic on a central cube as well, which we will denote by C;, and
so w;(C}) will always be a purely periodic subword of w;. In fact, for each j, we will
choose w;;; so that w;+1(Cj41) is a subword of w;(C}), and so each w;(C;) will be
periodic with respect to vgl) for 1 < i < d. Due to the construction of ws, we can

take Cy to have shape T’ in wy. We also move By in space to lie

10-32% (2R +1) M*Tld]
entirely within the positive octant of Z? with one vertex at (1,...,1) (in other words,

By =T,,), so that the phrasing of the earlier arguments still works.

This choice of w, was done to create Cy: from now on we will follow a different

inductive procedure. We need one more definition:

Definition 3.3.6. A superoctant of any B; (j > 1) is a subcube which shares

vertices with both B; and C;, is contained in B;, and contains C;.

There is then a natural one-to-one correspondence between the superoctants and

suboctants of Bj;; for every superoctant, there is exactly one suboctant which is a
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subset of it. For each j > 2 where w; has Property A, we now describe how to
construct w;;;. For each such j, we define T; to be the set of superoctants O of B;
such that w;(0) is periodic with respect to vlm for 1 <1i < d. We denote the size of C;
by m;. Since wy(P;) is periodic with respect to each vlgl), and since w; (P;) = wy(0)
for a superoctant O of w,, we have then already shown that Tb contains O, and
my = 10 - 3% (2R + 1) (ni_ﬁ] We assume that m; > 10(2R + l)ni_% for all j, and

in fact this will be clear once the construction is finished.

Let’s now suppose that for some j > 2, w; has Property A. The idea is that we take
w,41 to be a suitable subword of w; where C}; is smaller than C;, but T}, is strictly
larger than 7). To show this, we have to prove a couple of claims. Firstly, we claim
that any superoctant of B; on which w; is purely periodic with periods less than /n
and which contains C; must be periodic with respect to each ”Ui(l), i.e. must be in 7j.

Since m; > 10(2R + l)yn'~2a, clearly m; > 4/n for all n.

We now claim that if 7T; contains any pair of opposite superoctants O and O’ of B,
then neither of the suboctants O and O’ associated to them can possibly be contained

in any element of R;.

We again assume without loss of generality that O is the least suboctant lexicograph-
ically of B;. In Figure 3.11, w;(O U O’) (the portion of w; shaded) is purely periodic

), and U is the I'sgy; which is changed to make the standard replace-

with periods vgl
ment corresponding to S € R;. We assume that O € S and derive a contradiction.
We have denoted by C' the region (U NS) + (B, — S), i.e. C in B; corresponds to

UNSin S. C C O because O C S, and for some 1 < i < d, it is the case that
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Figure 3.11: An element S of R; which contains O

C consists of points whose ¢th coordinate is between n; — k; + 1 and n;. We then
choose u; which is a multiple of vfl) such that C' + u; is a subset of O’ and U + u;
is a subset of O which is disjoint from U (this can be done since UEI) has length less
than /n; some multiple of it is greater than k;, but still less than WT_IW) and take
D =C+w;and E = (UNS)+w;. It must be the case that filling B; with a standard
replacement for w; in which no letters of B;\ U are changed and at least some letters
in U NS are changed can be done simultaneously with filling S with w;. Call the

word with shape B; U S with this property u. We can restate our assumptions then
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by saying uw(B;\U) = w;(B\U), (U NS) # w;(UNYS), and u(S) = w,. Since
UNSin S corresponds to C' in Bj, and since u(S) = wj;, it must be the case that
u(U N S) = w;(C). By periodicity of w;(0’) with respect to u;, w;(C) = w;(D).
Since D in B; corresponds to E in S, and since u(S) = wj, w;(D) = u(F). Since
w(B\U) = wj(B,\U) and E and U are disjoint, u(E) = w;(E). Finally, by period-
icity of w;(0) with respect to u;, w;(E) = w;(U N S). But we have then shown that
wUNS) =w;({UNS), a contradiction. Therefore, if two opposite superoctants are
contained in Tj, then neither of the suboctants associated to them may be contained

in any element of R;.

=
\QI
QS

Figure 3.12: B;

Finally, we may make our inductive step. Consider any j > 2 and w; with Property

A. By the earlier argument, we may then conclude that there are subcubes P; and P
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as defined above so that w;(P;) and w;(P;) are purely periodic with periods at most
v/n. However, in the proof of this, we made use of the fact that the suboctant O; of
Bj corresponding to P; is contained in many elements of R;. Therefore, by the fact

just shown, one of O; or O;» corresponds to a superoctant of B; which is not in T}.

First, we take a subword of wj, call it w’, obtained by removing the boundary of

thickness k; from B;. In other words, we take w;- to be the subword whose shape is

the central T',,, o, of Bj, which we call B;-.

=
oy

Figure 3.13: B

w’;(P;) and w}(Pj) are now subwords of w’; occupying suboctants of Bj. By construc-

tion, wj(P;) and wj(P;) are also purely periodic with periods at most /n. However,
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one of them is associated with a superoctant which is not in 7}, and we may as-
sume that without loss of generality it is P;. Also, since the size m; of C; is at
least 10(2R + [)n'~2¢, and since the size of A; is at most 3(2R + l)n'~2a, the overlap
between P; and C; is a cube whose size is at least % Denote this cube by Cj;.
Bj;1 is defined to be a subcube of B} which shares the same vertex with B} that
B} shares with P;, with the correct size so that the overlap between P; and Cj is
central. In doing this, we reduce the size of w’; by at most m;. wj;, is defined to be

w5(Bjt1). Then, since w;;1(Cjy1) is a subword of w;(Cj), it is also purely periodic

(1)

with respect to each v; ’, and by construction, Cj; is central in B; 4, so indeed Cj;

has the necessary properties. Each superoctant in 7} corresponds to a superoctant
in Tj,1, and w;.1(P;) now occupies a superoctant of Bj, 1, call it O, on which w;,
is purely periodic with periods at most v/n. We claim that this means that O € T}y,
as well. For each 1 < ¢ < d, choose a period vi(j ) of wj+1(5) which is a multiple
of e; whose length is less than y/n. For every j, as already mentioned, w;;1(Cj41)

is periodic with respect to Ul(l) for 1 < i < d. Now, consider any p € O such that

P+ v,(:) € O for some fixed 1 < k < d. Since the size mjt1 of Cjyq is much greater

than /n, there exists some linear combination Zle aivi(j ) with a; € 7, call it v, such

that p+v € Cj4q and (p+v) + v,gl) € Cj11. Then, wjt1(p) = wjp1(p + v) since v is

a sum of periods for w;,1(0). wj1(p+v) = w1 (p + v + v,(gl)) since w;41(Cjy41) is

periodic with respect to v,gl). Finally, w;41(p 4+ v + v,il)) = wj1(p + v,gl)) since v is

a sum of periods for w;;1(0), and therefore is itself a period of w;;1(O). Then, by
definition, ij(E) is periodic with respect to v,(gl) as well, and since k& was arbitrary,

with respect to every vi(l) for 1 < i < d. By definition, this shows that O € Tii.
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Since O corresponds to a superoctant of B; that is not in 7}, T}, contains at least
one more element than 73, and m;; 1 > % We again move B; in space so that it
lies entirely within the positive octant of Z? and has one vertex at (1,...,1). Since
my > 10 - 3% (2R + )n'~ 21, this implies that m; > 10(2R + l)n' "2 for 1 < j < 24,
We will show that this induction never need proceed beyond j = 2¢, and so in the
process will justify the claim already used that m; > 10(2R + l)n'~2a for all j that

we consider.

If each w; for 1 < j < 24 has Property A, this means that The,; must have more
than 2¢ elements. But, there are only 2¢ superoctants of Baya,q, and so we have a
contradiction. This implies that some w; must not have Property A, which we call
w’. w' is created by at most 2¢ truncations of w, each of which reduces the size by at
most ks + ma, and so since ky < my for large enough n, the size m of w' is at least
n—10- 2132 (2R + [)[n'~2a]. Since for large n, 2R + | < cInn for some constant
¢, we can then say that there exists N’ for which m >n — Klnn - n'=2 for n > N’
and some constant K. Then, take N > N’ so that KInn < nsa for n > N. This

1-33. Since w' does not have Property A, there

implies that forn > N, m >n —n
exists a standard replacement of w’, call it w”, which agrees on the boundary with w’
by definition of standard replacement, and with the property that replacing w’ by w”

in some x € X cannot possibly create a new occurrence of w’. Thus, Theorem 3.3.1

is proved.
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We can prove as a corollary a version of Theorem 3.3.1 for any strongly irreducible

shift of finite type:

Corollary 3.3.7. For any strongly irreducible Z-shift X of finite type t with uniform
filling length R, there exists N depending on X such that for any choice of w € Ly, (X)
with n > N, there exists a subword w' of w, with shape I',,, where m > n—nl’ﬁ, and
w” € Lr, (X) so that w" and w' agree on the boundary of thickness t, and with the
property that replacing an occurrence of w' by w” in an element of X cannot possibly

create a new occurrence of w'.

Proof: Fix X a strongly irreducible Z?-shift of finite type ¢ and uniform filling length
R. Take the alphabet A® whose letters are the elements of Lr,(X), i.e. the words
in the language of X whose shape is I';, and then define a map f from X to (A(t))Zd
where for any p € Z4, (f(:v)) (p) is the subword of x which occupies I'; + p, i.e. the
copy of I'; whose least vertex lexicographically is p. Then, f(X) is a Markov shift
with alphabet A®). The reader can check that f(X) is still strongly irreducible, but
with a uniform filling length of R +¢ — 1. In short, this is because two shapes which
are a distance of j apart in an element of x correspond to shapes a distance of j+t—1

apart in f(z) for 7 € N.

Since f(X) is a strongly irreducible Markov shift, by Theorem 3.3.1 there exists N’
such that for any w € L, (f(X)) with n > N’, there exist w' € Lr,, a subword of
w, with m >n — nl’:%d, and w” with the same shape as w’ and which agrees on the
boundary with w’ such that replacing w’ with w” in 2’ € f(X) cannot result in the

creation of a new occurrence of w'.
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Now, take any word w € L, (X) with n > N + ¢ — 1. Although f is defined
as a map from one subshift to another, it should be fairly clear that as defined,
it can also function as a map from Lr,,, ,(X) to Lp,(f(X)). So we can define
f(w) € Lr,_,.,(f(X)). For ease of notation, we define @ =n —t+1, son > N.
Then, by Theorem 3.3.1, we can find ' € Ly, (f(X)) a subword of f(w), with

=34, and v" which agrees with v’ on the boundary so that replacing v/

m>n-—n
with v” in any element of f(X) cannot create a new occurrence of w'. f~(v') and
f‘l(v” ) are then subwords of w with shape I',,;14—1 which agree on the boundary
of thickness t. We wish to show that replacing f~*(v') by f~'(v") in some z € X
cannot possibly result in a new occurrence of f~1(v’). Suppose that this is not the
case. Then there is x € X and two copies of I',,,4;_1, call them S and S’, such that
z(S) = f71 ('), x(S") # f~1(v'), and if we define 2’ € X by replacing z(S) by f~1(v"),
then 2/(S") = f~1(v'). If we apply f to all of the objects in the above description,
we arrive at a contradiction to the definition of v' and v”. It is therefore the case
that replacing f~!(v') with f~(v”) in any x € X cannot create a new occurrrence of
('), Since v’ is a subword of f(w), f~1(v') is a subword of w. m > 7 — 1’ 3,

and the size of the shape of f~1(v/)is m+t—1>n—n'""3 >n—n'"3, and so we

are done.

Corollary 3.3.7 is the main tool in the proof of Theorem 3.1.22; very roughly, the
idea is that for each occurrences of w in some large word in X, we destroy this

occurrence of w by replacing the occurrence of w’ which is a subword of it by w”.
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The requirement that new occurrences of the destroyed words not appear during this
process is to ensure that the process of getting rid of these occurrences of w takes
as few steps as possible. It is natural to wonder why we go to the trouble of dealing
with subwords in the statement of Corollary 3.3.7; i.e., why is it not possible, instead
of dealing with the intermediate step of taking a subword of w, to just find a word
w’ # w such that replacing w by w’ can never result in a new occurrence of w being
created?” The answer is that there are examples of strongly irreducible shifts of finite
type X and words w € L(X) for which this is impossible! Here is a quick example.
Consider, for any dimension d and any n > 1, the full shift Y = €2, and the word
w € Ly, (V) defined by w(v) =1ifvy =ve=... =vg=1,andw(v) =0if 1 <wv; <n
for 1 <7 <dandwv; > 1 for some 1 < i < d. w then has zeroes at every point of
I, except the least lexicographically. We claim that for any w’ # w, there is some
x € Y such that z(I',) = w, and replacing z(I',) by w’ creates a new occurrence of
w. Consider any w’ # w. Suppose that w’ contains a one, i.e. there is some v € I',
such that w'(v) = 1. Since w’ # w, we can assume that v # (1,1,...,1). Consider
x € Y defined by taking x(1,1,...,1) = 1 and z(v) = 0 for all other v € Z?. Then,
z(I'y,) = w. Create a new 2’ € Y by replacing z(I';,) by w’. Then, it is not hard to
check that 2/(T',, + (v — (1,1,...,1))) = w, and that x(T',, + (v — (1,1,...,1))) is the
word consisting of all zeroes, and so not equal to w. This means that the replacement
involved in changing x to 2’ created a new occurrence of w. The only other possibility
for w’ is that w’ is the word consisting of all zeroes, i.e. w'(v) =0 for all v € I',,. If
this is the case, then define # € Y by taking x(0,1,...,1) = z(1,1,...,1) = 1 and

x(v) = 0 for all other v € Z%. Again, z(I',) = w. Create 2/ € Y by replacing z(T,)
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by w’. Then, it is not hard to check that 2/(I',, —e;) = w, and that z(I', —e;) had two
ones, and is thus not equal to w. This means that in this case also, the replacement
involved in changing = to x’ created a new occurrence of w. We have then shown
that for any w’ # w, it is possible that a replacement of w by w’ could create a new
occurrence of w, and therefore the extra step of taking subwords in Theorem 3.3.1

and Corollary 3.3.7 is in fact necessary.

3.4 The proof of the main result

Proof of Theorem 3.1.22: We take X to be a strongly irreducible shift of finite

type t. For any word w in Lr, (X), we call X,, the shift of finite type resulting

from removing w from the language of X. We begin by proving an upper bound

on h'P(X) — h'P(X,) for sufficiently large n. By Corollary 3.3.7, as long as n is

sufficiently large, there exists w' € Lr, (X) a subword of w with m > n — n'~3a and
" (t)

w” with the same shape as w’ and which agrees with w’ on I';; with the property

that replacing w’ by w” cannot create new occurrences of w’.

For any k& > m, we will define a mapping ¢, : Lr,,, (X) — Lp, (Xy). ¢ wil
actually be defined as a composition of three maps: oy, : Lr,,,. (X) — Lp,,..(X),

B+ aw(Lry,y, (X)) = Lry,,, (Xu), and v ¢ (B 0 ar)(Lry,,, (X)) — Lr,(Xy). To

define these, we need a definition:

Definition 3.4.1. Two overlapping occurrences of the word w' which occur in copies

S and S" of I'y, are said to have overlap of type B if |S — 5| > F — on'~aa,
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We point out an important property of this definition: given a fixed occurrence of w’,
there are at most 3%m¢ copies of I,,, which could be filled with an overlapping w’, and
so there are at most 3%m¢ words which are made up of a pair of w’ whose overlap is of
type B. Call these words u;, U, . . . , up, where b < 3%m¢?, and call S; the shape of u; for
any 1 <14 <b. Given any u € L, (X), we define ay(v) by finding each occurrence
of any of the u; within u, and in each one, replacing the first lexicographically of
the two occurrences of w’ which make up u; by w”. In order to make this operation
well-defined, we must specify an order for these replacements to be done in; let us
just choose the usual lexicographic order, and search for and replace each wu; in turn.
(This means that we first replace the lexicographically first occurrence of uy, then
find the new lexicographically first occurrence of u; and replace it, and continue until
no u; remain. We then perform the same procedure for usy, ug, etc.) Since replacing
w’ by w” can never create a new occurrence of w’, the resulting I'y, 4,,-word, which
we call ag(u), contains no u;, i.e. contains no pair of occurrences of w’ with overlap

of type B.

For any ay(u) € ap(Triam(X)), we define (Gx o ay)(u) as follows: find the first
occurrence of w lexicographically in ay(u), and replace the w’ which is a subword of
this occurrence of w by w”. Denote by w the word that w becomes when its subword
w’ is replaced by w”. Repeat this procedure until there are no occurrences of w left,
and call the resulting 'y 4 4,-word (B o o) (u). There is one fact that we must check;
namely that when performing any of these replacements, we do not accidentally create
a new occurrence of w. For a contradiction, assume that a particular replacement of

w’ by w” could create a new occurrence of w.
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Figure 3.14: Intersecting occurrences of w

In Figure 3.14, S is a copy of I',, which is filled with w, T" is a copy of I',, which is
filled with w’, U is the I'sg,; on which letters are changed to change the word on T’
from w’ to w”, S’ is a copy of I',, which will be filled with w once the replacement
is done, T" is the copy of '), in S” corresponding to T" in S, which will therefore be
filled with w" once the replacement is done, and A; is the copy of I'

3(2R+1) H‘ﬂ or

r ) central in S in which U must lie, which comes from the proof

32R+1) H‘Tlﬂ 1
of Theorem 3.3.1. For the same reasons as in the proof of Theorem 3.3.1, S’ cannot
contain all of U, but must contain some nonempty subset of U. Since the replacement

cannot possibly create a new occurrence of w’, 7" must have already been filled with
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w’ before the replacement occurred. This implies that before the replacement, T’
and T" were filled with overlapping occurrences of w’. We claim that these two
occurrences had overlap of type B. Since U C A;, and since the size of A, is at most
3(2R +1) (nl_ﬁw, the distance in the e;-direction between the center of U and the
center of A; is less than 2(2R + l)n'~2a for each 1 < i < d. A, is central in S, so
the center of A; is the same as the center of S. Since T' is a subcube of S whose
size is at most n!~3a shorter, the distance in the e;-direction between the center of .S
and the center of T is less than %nl_:%d for each 1 < i < d. For the same reason, the
distance in the e;-direction between the center of S’ and the center of 7" is less than
%nki for each 1 < i < d. Finally, since U intersects the boundary of S’, and since
U has size 2R + [, there exists 1 < ¢ < d for which the distance in the e;-direction
between the center of S” and the center of U is between 2 — (R+ 1) and 2 + (R+1).
Putting all of these facts together, we see that there exists 1 < ¢ < d so that the
distance in the e;-direction between the center of T' and the center of 7" is between
m 3R+ 1)n' 2 —n'"sa — (R+1L) and 2+ 2(2R+1)n' "2 +n' "5 + (R+ L), which
implies that for large enough n, it is between % — 2n1=3 and 5+ 2n1_§, which
implies that before the replacement, 7" and 7" were indeed filled with occurrences
of w" with overlap of type B. However, ay(u) contained no pair of occurrences of w’
with overlap of type B, and so since all replacements in the definition of (5 involve
replacing some w’ with w”, no new occurrences of w’ can be created during these
replacements. Therefore, there can never be a pair of occurrences of w’ with overlap

of type B during the application of G to a member of oy (I'xi4m). We therefore have

a contradiction. Our original assumption was wrong, and none of these replacements
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can create a new occurrence of w. So, when these replacements are finished, we have
a word with shape [’y 4, which we called (0 o a)(u), which has no occurrences of

w.

The definition of -y, is much simpler: for any u € 'y 4, (X), v (u) is the subword of u

occupying its central T'y. For any u € T'g 4, (X), we define ¢p(u) = (5 0 B 0 ag)(u).

We now claim that ¢ (u) is in L(X,,), i.e. can be extended to a configuration on Z?
which is in X and contains no occurrences of w. To do this, we inductively define
a sequence of words d;, where d; € Lr,,,. (X) and each d; has no occurrences of
w. Take dy = ¢(u) and dy = (O o ay)(u). For any d; for j > 0, define d;;; as
follows: since d; € L(X), it can be extended to an infinite configuration in X. Use
this fact to create a word d; € Lr, ., (X) which has d; as the word occupying
its central I'yi4jm. We then create dj;; by performing the same replacements as
in the definitions of a; and then fj, in other words first finding and replacing any
occurrences of u; for any 1 < ¢ < b, and then finding and replacing any occurrences
of w. For the same reasons as above, d;;; has no occurrences of w. Since d;; agrees
on the boundary of thickness ¢ with d}, d;;1 € L(X), completing the inductive step
and allowing us to define d; for all 7. We also note that for any j, since d; contained
no occurrences of w or u; for any 1 < ¢ < b, any occurrences of these words in d;
must have had nonempty overlap with the newly created portion, i.e. must have been
contained in the boundary of thickness 4m of I'ys4(j11)m. As a result, d;j;; and d;
must agree on their respective central I'yy4(j_1)m, since no replacements could have

affected that portion. This means that we may define the “limit” of the d;: for each

119



J, since d; € L(X), there exists z; € X with 2;(Ijy4jm) = d;. Since d;1; and d; agree
on their respective central I'y 4(j—1)m, the limit of the z; exists, call it x. Since X
is a subshift, it is closed and so x € X. Since the central I'; of each d; is equal to
or(u), ¢r(u) is a subword of . Finally, since each d; has no occurrences of w and z
is a limit of the d;, x has no occurrences of w. This means that ¢,(u) € Lr, (X,,) as

claimed.

We have now defined ¢, on all of Lr,,, (X). For any ¢ > 0, we can then deal
with the restriction of ¢ t0 Agiam.e3,(X). Since the shape of w is I', C I's,, any
element of Ajiam.c3,(X) has fewer than (k + 4m)d(m + €) occurrences of w,
and since each u; has shape a subset of I's,,, any element of Ay e3,(X) has fewer
than (k+4m)d(H+(X) +€) occurrences of u; for each 1 < i < b. By Lemma 3.2.1,

EAN sgm

(X) > M "X)0=2R)"  We now bound H

. (X) in a similar fashion. First
let’s look at a picture of SZ-\SZ-(R) for any 1 < 7 < b. Recall that .S; is the union of
two overlapping copies of I',,, so Si\Si(R) is the union of two overlapping copies of
I',,_or concentric with the original copies of I',,,. By the definition of type B overlap,

there exists 1 < ¢ < d for which the distance in the e;-direction between the centers

of these two I',_og is between 2t — on'=3d and o4 onl=sd,

In Figure 3.15, we denote the direction in question by e;, the two copies of I',,_or
by S and S’, and the distance in the e;-direction between the centers of S and S’
by ¢. We then define T' to be a rectangular prism which is a subset of S a distance
of R+ 1 away from T’. The sizes of T are m — 2R in every direction but e;, and

c—R>m— 2n'=3 — R in the e;-direction.
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Figure 3.15: Si\SZ-(R)

Clearly by just taking very large m we can assume that this dimension is greater
than m — 3n'~3a. Since d(T,S")=R+1and T, 5" C Si\Si(R), by strong irreducibil-

_ 1
ity Hg | g (X) = Hr(X)Hg(X) > M Olm=2R) (5 —sn TS +H(m-2R) R ¢ and
n'=sa are all small in relation to m for large enough m, and m asympotically ap-

P(X)1.4n?

proaches n as n — o0, so for large n, this bound is greater than e . Using

these bounds, we can rewrite the above statement about A i4m.e3,(X) a little more
easily: every element of Ay m.csn(X) has fewer than (k + 4m)d(e " (m=2R)" 4 ¢)

—1.4htoP(X)n? + 6)

occurrences of w and fewer than (k + 4m)%(e occurrences of any u;

for 1 <i¢<b.
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We now prove the upper bound on h'P(X) — h'?(X,). We do this by proving
upper bounds on |a; ' (v) N Ajyam.esn(X)| for any v € ay(Lr, ., (X)), on |3 (v/) N
A (Aptames3n(X))] for any o' € Ly, (X), and on |y, '(v")| for any v” € Ly, (X,,). The
first upper bound is fairly straightforward: consider any u € Agiam.esn(X). Since
b < 3%m9, the total number of letters in u which are part of an occurrence of any
u; is at most (2m®)(3%m®) (k + 4m)? (e 14"’ 4 ¢) which for large m is less than
(k + 4m)d(e~ 137 (X)n® 4 3d+1n2dey - Now, consider any v € ay(Lry,,, (X)). By
the previous reasoning, any u € a,;l(v) N Agtam.e3n(X) differs from v on less than

(k+4m)d(e= 13000 4 3d+1p,2d0) Jetters, and so the number of possible u is at most

| (k-4m)d(e=1:30TP (On? | 3d+1m2de)|

|A|(k+4m)d(e*1-3ht0p(X)nd+3d+lm2de) Z (k + 4m)d
=0 U
d
(k-dm) (e~ 1:3n P (X)n | 3d 1,2 d (k+4m)
S |A| (k; + 4m) L(k‘ + 4m)d<6_1.3htop(x)nd + 3d+1m2d€)J

< e(k+4m)de*hwp (X)(n—2R)4 4391 m2dc1n |4

for large values of n.

The second upper bound, the one on |3, ' (v")Nag (Agam.e.30(X))| for any o' € Ly, (X),
is slightly more difficult. Consider any u € ag(Agtam.e3n(X)). Since u is in the image
of ag, u has no occurrences of any u;. Consider any pair of overlapping occurrences of
w in u, say at S and S’ copies of I',,. Then these occurrences of w contain occurrences
of w’ as subwords, say at T and 7" copies of I'), with T C S, T C S, and T —T' =
S —S5'. Also define U to be the copy of I'sg,; in T" which would be changed to change

u(T) to w”, and U’ to be the corresponding copy of I';zy; in 7”. Since there are no
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occurrences of u;, it must be the case that [T — 1" < F — 2n'~s4. This implies

that T contains the central F3(2R+l)[n1*2%ﬂ of S for large n, and so that T" contains U’.
Similarly, 7" contains U. Therefore, if u(T) is replaced by w” sometime during the
replacements defining (3, then w(S”) will be changed to something other than w, and if
u(T") is replaced by w” at some point in these replacements, then «(S) will be changed
to something other than w. In other words, in any replacement involved in changing
u to B(u), if u(S) is changed from w to w, then all occurrences of w with nonempty
overlap with S are also changed. Since new occurrences of w cannot be created during
these replacements, this implies that (Gx(u))(S) = w for any such S. Note that we
have also shown that the copies of I',, where replacements occur in the application of
Or must be disjoint. We now wish to bound from above the number of occurrences
of w in By(u) for any u € o (Akram,esn(X)). By the definition of Ayyam esn(X), for
any ' € Appam.esn(X), v has at most (k 4 4m)d (e " X)=2B L ¢y oceurrences of
w. We now claim that each of the replacements involved in a4, and [ could create at
most 99 new occurrences of w, which rests on an aperiodicity property of w: namely,

for large n, and for any z € X with z(S) = z(5") = w for S and S’ copies of T,
1S — S5 > 5.

To show this, recall that in the definition of w”, we ensure that w” contains a sub-
word a € Lr,,,,(X) which is not a subword of w. In addition, a lies in the central

1 in w’. Also recall that w' is a subword of w whose shape has size at
3(2R+1)[n' 24

least n—nl~3a. Together, these imply that for large n, w contains a as a subword of its

central I's. Since w and w agree outside this central I'z, and since a is not a subword

of w, this implies that any occurrences of a in w have nonempty intersection with its
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central La, and that there is at least one such occurrence of a. Now consider z € X
such that z(S5) = z(5") = w, where S # S’. Also consider T" a copy of I'sg; such that
z(T) = a. There are two possibilities: either T" lies inside S’ or T" does not lie inside
S’ If T lies inside S’, then since x(T) = a, T must have nonempty intersection with
the central I'n of S". Again since z(T') = a, T must have nonempty intersection with
the central I'n of S as well. This implies that |S — S| < § + (2R +1). However,
then S — S’ is a period of w. Since 0 # |5 — 5| < § + (2R +1) < % for large
n, there is some positive integer k so that 7'+ k(S — S’) lies in S, but has empty
intersection with the empty central I'= of S. But by periodicity of w with respect to
S—=8x(T+k(S—-295")) =ax(T) = a, which gives a contradiction. Therefore, it must
be the case that T" does not lie inside S’. Since T' has nonempty intersection with the

central I'n of S, this implies that |S — S§'|o > 3 — (2R +1) > % for large n.

Now consider any replacement of w’ by w” in the replacements defining oy, and [y,
and suppose that this replacement occurs at S a copy of I',,. Specifically, suppose
that v,v" € Ly, (X) where v(S) = w’, v'(S) = w”, and v and v’ agree outside of S.
Also assume that T a copy of I',, is a location for an occurrence of w newly created
in this replacement, i.e. v'(T") = w, v(T') # w. Since v and v" agree outside S, S and
T must have nonempty intersection, meaning that any possible location for 7" given
a fixed S lies in a copy of '}, 9, concentric with S. However, by the aperiodicity

fact about w above, any T,T’ both of which contain newly created occurrences of

w must satisfy |T"— T"|,, > %. This means that at each replacement, there are no
more than 9¢ newly created occurrences of w. We now bound from above the total

number of replacements performed in applying oy to u € Agiam3n(X). As already
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shown, for large n the total number of occurrences of any u; in u € Apiam.esn(X) is
smaller than 34m(k+4m)?(e~ 4" (X)n? L ¢) and so the total number of occurrences
of @ created during these replacements is less than (27m)%(k + 4m)® (e~ 1407 (X0
€), which is less than (k 4 4m)?(e " X)=2R% L (97m)de) for large n. We now
bound from above the total number of replacements performed in applying (i to
ag(u). For this, we need to bound from above the total number of occurrences
of w in ay(u). w itself had at most (k + 4m)d(e”""=2R)" 4 ¢) oecurrences of
w by definition of Agyam.e3n(X). While changing u to ay(u), less than 39md(k +
Am)d (e~ AR 1 ¢} replacements are made. Each one of these could create at
most (m + 2n)¢ new occurrences of w by the same reasoning we used for w (we
just don’t have any aperiodicity facts about w to use.) Therefore, ay(u) has less than
(k+4m)d(e= M7 COn=2R) 4 oy 4 (4 2n)93%m (k4 4m )4 (e~ 40" (X7’ 1 ¢) occurrences
of w, which is less than (k + 4m)%(2e~ """ X)n=2R)" 1 (12/m)¢) for large n. This
means that the number of replacements involved in changing a(u) to (Gx o ag)(u)
is less than (k + 4m)?(2e~7""()=2R)" 1 (12/)d¢) as well. Since each of these can
create at most 9% new occurrences of w, the number of occurrences of w created
during these replacements is less than (k + 4m)%(2 - 9%~ M=2R)" L (108m)e).
So, the total number of occurrences of w created in the process of changing u to
(Br 0 o) (u) s less than (k +4m)?((2- 94 4 1)e 7" CI=2R) 1 ((108m)% 4 (27m)%)e).
Since u itself contained at most (k + 4m)d(e """ X)=2R)" L ¢) occurrences of @
by definition of Ajim.e3n(X), this means that (0 o ay)(u) contains less than (k +

Am)4(20%e M) =2R)" L (916m)%€) occurrences of 0.
We now collect the three facts we need to bound |8, (v') N a(Apram.esn(X))| from
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above for any v' € Ly, (X). Firstly, for any u € Agiam.e3n(X), we know that for any
S a copy of I'), which is the location of a replacement during the process of changing
ag(u) to (B o ag)(u), ((Bk o ax)(u))(S) = w. In other words, once w is changed to w
during the application of By to ag(u), that occurrence of w will not be changed during
future replacements. Secondly, all replacements perfromed in the application of [
to ay(u) are disjoint. This means that knowing (8 o ay)(u), along with knowing the
locations of all copies of I';, where replacements occur in changing ay,(u) to (Broay)(u),
is enough to uniquely determine ay(u). Finally, (8 o ax)(u) contains fewer than
(k4 4m)4(20%e "X m=2R)* L (216m)4e) occurrences of @. This implies that for any
V' € Loy (X), 157 (0) 1) @ Apamen(X))| < 20Hm 0% 00200 @16m)) g
total number of subsets of the locations of occurrences of w in v" which could have

been the locations of replacements in the application of 3.

Finally, we give an upper bound on |v; ' (v")| for any v” € Ly, (X), which is straight-
forward: any u € v, '(v”) must have its central 'y, filled with v”. This means that

Iyt (0")] < |A|FFAmTRS <) 4[5 for Targe E.

Putting all of these upper bounds together, we see that |¢; " (v) N Apram.esn(X)| <

(k+4m)de—thP(X)(n—zR)dHn\A\3d+1m2de .2(k+4m)d(20de—ht°p(x)(n—23)d+(216m)de) . |A|5dmkd—1
< liram)lcen PO 2Ry pe

for constants C' independent of n and k£ and D independent of k. This implies that

|Ak+4m,s,3n (Xﬂ
HFk (Xw) Z e(k+4m)dcefhtOp(X>(n72R)d+D€ :
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We then take natural logarithms of both sides, divide by (k + 4m)?, and let k — oo

to get
k‘d hr (X ) ln|Ak+4 3 (X)| top d
I & w li m,e,3n —-C —h'P(X)(n—2R)* D
e dm)yd kT~ ko (ki 4+ dm)d ‘ ©

and by using the definition of entropy and Corollary 3.2.8, we are left with

htop(Xw) > htop(X) . Ce—htOP(X)(n—QR)d — De.

€ was arbitrary, so we may let it approach zero, leaving

C

R'P(X) — h'P(X,) < ) (2R
A different tactic must be used to prove a lower bound for h'?(X) — h*P(X,,). We
in a sense proceed in the opposite way from our upper bound: we will define a
map ¢, which sends any word in Lr, (X,,) to a subset of Lr, (X) such that for any

u#u € L, (Xy), ¥r(u) and ¢, (u') are disjoint. This map will create occurrences of

w instead of eliminating them.

We first need another auxiliary combinatorial theorem, again about a sort of lack of

periodicity.

Theorem 3.4.2. For any d > 1 and any strongly irreducible Z4-shift X of finite
type t with uniform filling length R, there exists a constant W dependent on X such
that for all sufficiently large j, there is a word w;q € LF%” (X)) with the following
aperiodicity condition: there cannot exist two overlapping occurrences of wjq such

that one has nonempty intersection with the empty central ' j_qw of the other.
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Figure 3.16: Disallowed and allowed pairs of overlapping w; 4

Proof: To make the statement of Theorem 3.4.2 more clear, we refer to Figure 3.16,
which gives an example of a pair of overlapping occurrences of w; 4 which is ruled out

by the given aperiodicity condition (left) and a pair which is not. (right)

We begin by giving a concrete example, for any fixed d and j > 3d+5, of an aperiodic
word a; 4 in {0,1}19. For any p € T';, we define a;4(p) = 1 if any p; for 1 <i <d—1
is not equal to 1 or j. This leaves only a;4(p) where each of py, ps,...,ps—1 are 1 or j
to be defined. We think of this undefined portion as a set of 2¢~! one-dimensional j-
letter words: for every (p1,pa,...,pa-1) € {1,719, we think of the yet-to-be-defined
aja(p1, D2, - - - Pa-1,1), @ja(p1,p2; -, Pa-1,2),- - -,

aja(p1, D2, - .., Pa-1,7) as the letters of a j-letter word. Now, to fill these portions in,
we define 297! j-letter words, which we will call hg, hq, ..., hga-1_1, such that no two

may overlap each other, i.e. if the final &k letters of h; are equal to the initial £ letters
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of h; for some k > 0, then & = j and ¢ = i’. We do this in the following way: the first
four letters of any h; are defined to be 0001, and the final four letters are defined to
be 0111. The 3d — 3 letters following the initial 0001 in any h; are defined as follows:
concatenate d — 1 three-letter words, determined by i’s d — 1-digit binary expansion:
each 0 in the binary expansion corresponds to the word 001, and each 1 in the binary
expansion corresponds to 011. The remaining j — (3d + 5) letters of h; which precede

the final 0111 are alternating zeroes and ones, beginning with a zero.

An example should be helpful: suppose that d = 3 and j = 18. Then we create
four 18-letter words hg, hi, he, and hz. The initial four letters of hg are 0001. The
next 3d — 3 = 6 letters are dependent on the two-digit binary expansion of the
subscript 0: since it is 00, the next six letters are 001001. The next j — (3d +5) = 4
letters are alternating zeroes and ones beginning with a zero, i.e. 0101, and the
final four letters are 0111. This gives hg = 000100100101010111. Using similar
reasoning, we see that h; = 000100101101010111, h, = 000101100101010111, and
hs =000101101101010111.

We claim that this set of 2! words has the nonoverlapping property described earlier.
Suppose that for some k& > 0 and 0 < 4,7 < 2971, the initial k letters of h,; are the
same as the final k£ letters of hy. k cannot equal 1 or 2, because the first k& letters
of h; would then be 0 or 00, and h; does not end with either of those words. So,
k > 3. Then the initial k letters of h; begin with 000, and since the only place that
000 occurs in h; is at the beginning, this implies that £ = j, and since {hi}?igl_l

contains 297! distinct words, that i = 7.
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We now, for every choice of (py,ps,...,pa—1) € {1,734, choose an h;, and define
aja(pr,p2, - pa_1,7) = hi(i') for 1 <4’ < j. Assigning the 2971 h; to the 2971 choices
for (p1, p2, ..., pd—1) in a one-to-one way completes the definition of a; 4. We now make
the claim that a; 4 is aperiodic. Suppose not; then there exists v = (vy, va,...,v4) # 0
with |v;| < j for 1 < i < d such that a;q(r) = a;q(r + v) for all » € T'; such that
r+wv €I';. Since —v could serve as a period as well, we may assume without loss of
generality that vy > 0. We choose a vertex ¢q of I'; 4 based on v: for each 1 <14 < d,
ifv; >0,¢ =1 Ifv, <0, ¢ = j. In this way, we ensure that ¢ +v € I';, and
therefore that a;q(q) = ajq(¢ +v). Since ¢; € {1,5} for 1 <i < d—1and ¢4 = 1,
by construction a;q(q) = 0. Therefore, a;4(¢ + v) = 0. However, again due to
construction, the only zeroes in a4 lie at points whose first d — 1 coordinates are
either 1 or j. This implies that the first d — 1 coordinates of ¢ + v are either 1 or j.
Let’s denote by h; the j-letter word where h;(k) = a;qa(q + (k — 1)eq) for 1 < k < j,
and by h; the j-letter word where hy (k) = a; (¢ + v+ (k — 1 — v4)eq). Due to the
supposed periodicity of a4, the first j — vy letters of h; are the same as the final
j — vg letters of h;y. Since no two distinct words in {hn}%:f may overlap, v = 0 and
h; = h;y. This implies that the first d — 1 coordinates of ¢ are the same as the first
d — 1 coordinates of ¢+ v, and therefore that the first d — 1 coordinates of v are zero,

implying that v = 0, a contradiction. Thus, a; 4 is aperiodic.

@
We now use a;q—1 as a tool to create, for any j > 3d+ 2, a word b, 4 € {0, 1M with
the aperiodicity property outlined in the conclusion of Theorem 3.4.2: there cannot
exist two overlapping occurrences of b; 4 such that one has nonempty intersection

with the empty central I';_4 of the other. b;4(p) is defined to be 0 if p; = 1 or 2,
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and defined to be 1 if 3 < py < j— 1. If p; = 7, then b 4(v) = aja—1(p1,---,Pd-1)-
Suppose that b; 4 is periodic with respect to v # 0. Since our supposed overlap is of
the form described, it must be the case that |v;| < j—2 for 1 < i < d. We can again
assume without loss of generality that vy > 0. Choose a point ¢ of F§-2) as follows:
foreach 1 <1 < d—2, take ¢ = 1 if v; > 0, and ¢; = 7 — 1 if v; < 0. Choose
Gi-1=7—1—wvg_1ifvg1>0,and qg_1 =1 —vg_1 if vg_1 < 0. Finally, take g4 = 1.

For any r € Z? all of whose coordinates are zero or one, the first d — 1 coordinates of

@)
@

q+r are between 1 and j, and the dth coordinate is 1 or 2, implying that g+r € '
This means that a copy of I'y with its least vertex lexicographically at ¢ is a subset of
r 52), call it S. Since S is composed entirely of points whose dth coordinate is 1 or 2,
b;a(S) is filled with zeroes. Again, for any point r all of whose coordinates are zero or
one, the first d —2 coordinates of ¢+ v +r are between 1 and j, the d — 1th coordinate
is 1, 2, 7 — 1, or 7, and the dth coordinate is between 1 and j. Therefore, any such

q+v—+risin F§-2)

, implying that a copy of I'y with its least vertex lexicograhically at
q + v is a subset of FE-Q) as well, which is then S + v. By periodicity, b; 4(S + v) must
be filled with zeroes as well. However, by construction, for any copy of I'y which is
filled with zeroes in b, 4, the dth coordinate of its least vertex lexicographically is 1.
Since qq = 1, it must be the case that vy = 0. This implies that a;4_; is periodic
with period (vq,va, ..., v4-1), which implies that v; = 0 for 1 <i < d —1 as well, and
so v = 0, a contradiction. Therefore, b; 4 has the desired aperiodicity property. Note,

however, that this does not prove Theorem 3.4.2, since b; 4 is a word in the full shift,

and there is no reason for it to be in L(X).
We now turn to our shift of finite type X. First, we will be constructing a word
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y € Lp,,,(X) for which X, is nonempty. Obviously, finding a word y such that X,
is nonempty could be done by using the already proven upper bound for h'?(X) —
h'°P(X,), but this may require y to have shape with very large size. We need the
shape of y to have a small size to prove as tight a lower bound as possible, and for
our proof, we need a lower bound on Hr, (X) for relatively small k. For large k,
Lemma 3.2.1 gives an exponential lower bound for Hr, (X), but doesn’t really tell us

anything about small k. For this reason, we prove the following lemma:

Lemma 3.4.3. For any Z4-subshift X with h'°P(X) > 0, and finite S C Z2, Hg(X) >

|5].
Proof: We write S = {s1,52,...,55} where s; comes before s;1; in the usual lex-
icographical order for 1 < i < |S|, and make the notation S; = {s1,...,s;} for all

1 < i < |S|. Suppose that Hg(X) < |S|. Then, since Hg, (X) = |A| > 1, it must
be the case that for some 1 < j < [S], Hg,,,(X) < Hg,(X). Since S; C Sjy1, this
means that for every word w € Lg,(X), there is a unique way to extend it to a word
in Lg,,,(X). In other words, for any = € X, given x(S;), #(s;41) is forced. By shift-
invariance of X, for any x € X, given x(S; — s;4+1), (0) is forced. Since S is finite,
take N > diam(S). Then, S; — s;;1 consists of elements of Z? within a d-distance
of less than N from 0 and lexicographically less than 0. For this reason, we make
the notation H, 4 = {v € (I'y,—1 —n) : wv isless than 0 lexicographically}, where
n=(n,n,...,n). It is then clear that S; —s;11 C Hy 4, and so we note that z(Hy 4)
forces £(0). We need a few more pieces of notation; I,, 4 = {v € (I'y,—1—n) : vy <0},

Gura={veZ : v;>0forl<i<d, Zle ntv; <k}, and Lygg = (Drgn —
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n)\I'x. We quickly note a few useful facts about these sets which can be checked by
kb

the reader: H, g1 = I aU (Hpg X {0}), and G, a1 = UEQTJ(Gmk_mM x {i}). We

now claim that if z(H, 4) forces x(0) for all x € X, then x(L,, x 4) forces x(G,,x.q) for

any k. We prove this claim by induction on d.

For d = 1, the claim is fairly easy to check (and is in fact a classical theorem due
to Hedlund and Morse ([HeM])); it amounts to showing that if any n consecutive
letters of any x force the next, then any n consecutive letters of x force the next k for
any k. But this is clear; if z(1), z(2),...,x(n) force z(n + 1), then 2(2),...,z(n+1)
force x(n + 2), and we can proceed like this indefinitely. Thus, the claim is proven
for d = 1. Now suppose that it is true for a fixed d, and we will prove it for d + 1.
This proof will also be by induction; since we wish to show that (L, s 4+1) forces
2(Gpkdr1), and since Gy pap1 = uﬁﬁj(Gnk_ind’d x {i}), it suffices to show that
2(Lnparr UL (Grp—insa x {i})) forces a(Gp_jriynsa % {j + 1}) for every 0 <
j < |£&]. Fix any such j, and suppose that z(Lykg4+1 U |_|g:1(Gn7k,_md7d x {i}))
is given. We will show that z(G,, ;_(j4+1)ne,a X {j + 1}) is forced. Consider any

v = (U/,j + 1) S Gn,k—(j—l—l)nd,d X {j + 1} We claim that v —+ ]n,d—i-l C Ln7k7d+1 U

L (Grg—inda X {7}). Since I, 441 = (I'on—1 —n) x {—n+1,...,0}, it suffices to
show that v' + (T2p—1 — 0) € (Lnpasr U LE_ (Gop_imaa x {5})) N (Z¢ x {i}) for
j—mn < i< j. Since (Lpgar1 U ngzl(Gn’k_ind’d x {jP) N (2% x {i}) = (Lpga U
T}) x {i} for —n +1<i <0, and (Lp a1 UL (Gri—inaa X {31) N (2% x {i}) =
(Lnga YU Gpj—inda) x {1} for i > 0, and since G, s_(i+1ynda & Gpp—inag € i for
i > 0, it suffices to show that G, y_(y1ynig + Ton1 — M) C Lyppa U Gy p_jnag for

i > 0. Consider any v € G, ;_(i+1)nd,q and any v' € (I'yp—1 — n). By definition of
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G e (i41)nd.d> Z?:l vntt <k —(i+1)n?, and v; > 0 for 1 <14 < d. By choice of v/,
—n+1<v,<n—1for1<i<d. Therefore, —n+1 < (v+1'); for 1 <i<d, and
S ()it < (k= (i+1)n?) + (329, n?) < k—in?. There are then two cases; if
any coordinate of v + v is nonpositive, then v +v" € L, ; 4, and if all coordinates are
positive, then by definition, v +v" € G, y_jna 4. So, indeed G, j_(i+1)ndq + (Fon-1 —
n) C LypaU Gy pinig, and so for any v € G, (jriynd,a X 1J + 1}, v + Lnasr C
L a1 ng:1<Gn7k_ind7d x {i}). This means that since H, 411 = Ing+1U(Hpax{0}),
for any v € (G, j—(j11)na.a X {J +1}), 2(v + (Hpq x {0})) forces x(v). But now since
Ly j—(j+1ymda X 1J + 1} C Lygas1, by the inductive hypothesis x(G,, x—(jt1ynd,a) is
in fact forced by (L, ka+1 U ugzl(Gn,k,md,d x {i})). Since j was arbitrary here, as
described above this shows that x(L, k411) forces (G ka+1) as claimed, and so by

induction we see that for any d, if x(H, 4) forces x(0) for all z € X, then x(L, j.q)

forces (G, k,q) for any k.

We finally return to our original example of X for which Hg(X) < S. Recall that
we showed that there is then some N such that z(Hy4) forces z(0) for all . By
the claim just shown, x(Ly.q) then forces 2(Gyyq) for all k. This then shows that
Hey, o(X) < Hpy, ,(X) for any k. Note that FLdNLdJ C G for all k. Therefore,
Hr,(X) < Hg

X) < Hy X) for all n. Since |Lyqnaql = (RdN? +

N,nde,d( N,ndzvd,d(

N)4 — (ndN4)4 < 2Nd(ndN?)4~1 = Cn?=* for large n and a constant C' independent

of n, we see that Hr (X) < ]A\C”UF1 for all n, and so by definition of entropy,

HP(X) = Ty "D < Timsup,, o, S = 0. Therefore, h(X) = 0, a

contradiction to the hypotheses. Our initial assumption was therefore wrong, and so

Hg(X) > |S| for all finite shapes S.
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Before moving on with our proof, we must comment on Lemma 3.4.3. In the course
of the proof, we show that if for some total order < on Z¢ which is preserved under
addition, some finite set S C Z¢, and some t ¢ S with ¢t > s for all s € S, (S) forces
x(t), then the topological entropy of X is zero. It is natural to wonder whether the

assumption about ordering is necessary. In fact it is:

Lemma 3.4.4. For any finite S C Z* and t ¢ S such that there is no addition-
preserved total order on Z¢ with respect to which t is greater than all elements of S,

there exists a subshift X such that x(S) forces x(t) for all x € X, but h*P(X) > 0.

Proof: Suppose that for some S C Z¢ finite and ¢t ¢ S, it is the case that for no
addition-preserved total order on Z% is t greater than all elements of S. We claim
that this implies that ¢ lies in the convex hull of S. To see this, suppose that ¢ does
not lie in the convex hull of S. Then clearly there is a d — 1-dimensional hyperplane
L of R? such that ¢t and S lie on opposite sides of L. Define the subspace L' of R?
which equals L — ¢ for any ¢ € L. Without loss of generality, we may assume that
LNZ%= @, since such an assumption requires only a small rotation of L. Then,
define an addition-preserved total order < on Z¢ by arbitrarily fixing one of the open
half-spaces H that L’ splits R? into and defining v < v’ if v/ — v € H U {0}. Then,
since t and S are on opposite sides of L, for all s € S, t — s is on the same side of L/,
and so either t < sforall s € Sort > s for all s €. S. By reversing < if necessary, we
may assume without loss of generality that t is greater than all elements of S under

<. This is a contradiction, and so ¢ lies in the convex hull of S.
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To make things easier, by shift-invariance, we can without loss of generality assume
that t =0 := (0,...,0). We will, for any S such that 0 lies in the convex hull of S,
construct a subshift X with positive topological entropy such that z(S) forces z(0)
for any x € X. By decomposing the convex hull of S into simplices, we can, for some
1 <d <d, find S a linearly independent subset of S of cardinality d' + 1 such that

the convex hull of S’ contains 0 and is contained in a d’-dimensional subspace of R?,

call it L. Denote the elements of S’ by s1,89,...,8#41. Then there exist positive
reals nq,...,ng .1 such that 0 = Zf:{l n;s;. Since all elements of S are in Z%, we can

take all n; to be rational, and so without loss of generality integers. This implies that

i+ 1foralll <i<d. Take the d-dimensional

n
Ngriq

Sgi41 = Zd i Si. Take N >

i=1" ngy,

parallelepiped R = {Zf/zl ris; © 0 <r; < N} contained in L. One may then tessellate
L with copies of R: L = | | cz4(R+ Zflzl Nu;s;). (Intersecting with Z¢ on both sides
leads to a similar tessellation of L NZ% by copies of RN Z4.) If L C RY, then choose
linearly independent wuy, ..., uq_q¢ in Z% such that (L NZ%) + Zj;fl (Zu;) = 2. We
will define X, a subshift with alphabet A = {0,1} x (RN Z?), such that x(S’) forces
z(0) for any x € X, which clearly implies that x(.S) forces x(0) for any z € X as well.
Choose any y € Q. We define x € X as follows: for any v € Z¢ and r € (RN Z9),
define z(r + 2%, Nu;s; + Z;.l;f/ Vj+atj) = (y(v),r). Due to the already mentioned
tessellation of L N Z? by copies of RN Z% and tessellation of Z? by copies of L N Z<,
this defines = on all of Z¢. Take X’ to be the set of all elements of {2 constructed in
this way. X' is not necessarily shift-invariant, but by the construction, it is invariant
under shifts by Ns; for 1 <7 < d' and u; for 1 < j < d —d'. Since the collection

{Ns1,Nso,...,Nsg,uy,...,uq_q} is linearly independent, this means that a finite
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union of shifts of X/, call it X, is a shift-invariant set. It is also clear that X is closed,

and thus it is a subshift.

We first show that x(S’) forces z(0) for any x € X. By the definition of X, it is
sufficient to show that 2/(S’+p) forces 2'(p) for any 2/ € X’ and p € Z¢. Since p € Z,
there exists some r € (RNZ?) and v € Z4 such that p = r+>7 | Nvisi—i-Zj;f, Vjtartly.
Since r € R, r = Zflzl r;8; for some positive reals r;. For any 1 < i < d', r + s; is
in R unless the s; coefficient of r + s; is greater than or equal to N. Therefore,

if r+s ¢ R for all 1 < i < d, then it must be the case that r, > N — 1 for

/
d n;

=1 _”d’+1

all 1 < i < d. But then since sz = >

s; as noted earlier, and since
Yoo N—1foralll <i<d,r+sgs = Zflzl(ri — —i)s;, with all coefficients

Tal 41 Tal 41

in [0, N). This implies that r + sp1 € R. We then showed that if r + s; ¢ R for all

1 <i<d, then r + sg;1 € R. In other words, there is some 1 < j < d' 4+ 1 such
that r + s; € R. Fix this j. Then, p+s; = (r +s;) + Z?lzl Nu;s; + Z?;f/ V.
Say that '(p + s;) = (r + s, q) for some m € {0,1}. Then by definition of X', since
p and p + s; lie in the same copy of R, it must be the case that #’(p) = (r,¢). This
means that z/(p + s;) forced 2'(p). Since 1 < j < d + 1, this shows that /(5" + p)

forces #'(p) for any p € Z¢, and so that x(S’) forces x(0) for any z € X.

It remains to show that A'?(X) > 0. Choose M > |Ns;|oo, |tUj]oo for 1 < i < ',
1< j<d—d. Then, R+ {0 Nkisi + X\ kv ¢ |kl < K} C [=(K +
1)Md, (K + 1)Md]¢ for any K. By the definition of X, there are at least oll—KK]]
ways to fill letters of z on R + {Zflzl Nk;s; + Z;l:ld kjvau; @ |ki| < K}, and so we

see that Hi_(xq1)mak+1)mad(X) = Hrye g (X) = 2K+D)? This means that
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hr2(K+1)Md+1<X) > (In2)(2K + 1)d > 1
2(K+1)Md+1)¢ = (2(K +1)Md+1)¢ = (4Md)4

for all K, and therefore, by letting K approach infinity, we see that h*?(X) > m >

0.

We claim that for a strongly irreducible shift of finite type X, Hr,,,(X) > (2R+4).
We define S; = {1,2} x {1,2,..., R+ 4} C Tpyy and Sy = {R+ 3, R + 4} x
{1,2,...,R+4}%! C Trys. Then d(S;,S;) > R, and so by strong irreducibility
Hr,,,(X) > Hgs,(X)Hs,(X), which is greater than 4(R + 4)**~? by Lemma 3.4.3.
Since R+ 4 > 4,

AR+ 42 >4 R4+ 4> 2Y(R+4)" = (2R +8)" > (2R +4)".

Therefore, Hr,,,(X) > (2R + 4)%. Consider any y € Lr,,,,(X). Then, since there
are (2R +4)? copies of ',y contained in I'3r, 7, there are at most (2R +4)¢ different
words in Lr,,, (X) which are subwords of y. Since Hr,,(X) > (2R+4)¢, this means
that thereis z € Lr,,,(X) such that z is not a subword of . Then, again using strong
irreducibility, we create x € X such that for any v € Z4¢, x(Trys + (2R + 4)v) = 2.
(See Figure 3.17.) Then, for any S a copy of I'sgi7, z(S) contains a z, and therefore
z(S) # y. Thus, y is not a subword of z, and so X, contains at least one point and

is nonempty.
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z z z z
copies of I,
z z z z
z z z z
R+1$
R+3 z z z z
R+3 R+1

Figure 3.17: A point z € X,

We will use y and b; 4 to create, for W = S8R + 14, and for any j > 3d + 2, a word
Wjq € LF%V) (X) such that there cannot exist two overlapping occurrences of w4
where one has nonempty intersection with the empty central I';;_4u of the other.
To do this, we first partition Fﬁ,“ﬁv) into disjoint copies of I'y,. The disjoint copies of
'y then have an obvious bijective correspondence to the points of Fg-z), illustrated in

Figure 3.18.

We then use each entry of b;4 to assign entries of w; 4 to the corresponding I'yy in
Fﬁf/). For p € Fg-g), if b;4(p) = 0, then the least copy lexicographically of I'yy_p in
the 'y corresponding to p is filled with any word in Lp,,_,(X,), i.e. a word without
any occurrences of y. If b; 4(p) = 1, then the least copy lexicographically of I'yy_p in

the 'y corresponding to p has 2¢ occurrences of y placed inside it, each one sharing

a vertex with it.

139



; 2w)
The remainder of T’ W

is then filled to make a word in L(X) by using strong irre-
ducibility, since all of the filled portions are a distance of at least R + 1 from each
other. We claim that this word w,q € LF%V)(X ) has the desired aperiodicity con-
dition. Suppose not; then there exist two overlapping occurrences of w;q such that
one has nonempty overlap with the empty central I'i;_4w of the other, which implies
that w; 4 is periodic with respect to some v # 0 with |v;| < (j —2)W for 1 < i < d.
We then define v" by defining v} to be the closest multiple of W to v; for 1 <1 < d.
If two are equally close, choose either. In this way, we ensure that |v; — v}| < % for

each 1 < i < d. We make the notation v” := v — v/. Since each coordinate of v’ is

divisible by W, UW/ has integer coordinates.

(2)

Figure 3.18: The correspondence between copies of I'y and points in T';
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$R+1 FW

$R+1

y R+1 y R+1

Figure 3.19: How a copy of 'y is filled if b, 4(p) = 1

Since |vf| < (5 —2)W for all i, every coordinate of UW/ has absolute value at most
j — 2. This implies that either v' = 0 or ”W/ is the difference between two overlapping
occurrences of I’E-Q), one of which has nonempty intersection with the empty central
I';_4 of the other. Assume that the latter is the case. Then, by the already proven
aperiodicity condition on b, 4, this implies that there exist ¢, ¢ + UW/ € F;Q) such that
b;.a(q) # bjalqg + ”W/) Without loss of generality, we assume that b;4(¢) = 1 and
bjalq+ ”Wl) = 0.

Let’s call S the central I'yy_or in the I'y in F;?,[V,V) corresponding to ¢ and T the
central I'yy_og in the 'y in Fg%‘[ﬁv) corresponding to q + 5—Vl Then T — S = ¢/, and
wj 4 is periodic with respect to v, w; (SN (T —v)) = w;a((S+v)NT). T —v =
(T — ') —v" = S —v”. Since every coordinate of v” is at most 4, SN (S — "),
and hence SN (1" — v), is nonempty. In fact, it is a rectangular prism Ry, ,, where

s; > (W —2R) — % =3R4+ 7,1 < i <d. Therefore, SN (T — v) contains one of
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the 2¢ copies of I'sg.7 in S which share a vertex with S. Since b;a(q) = 1, and since
S is the central I'yy_5g in the 'y, corresponding to ¢, every one of these subcubes
of S contains an occurrence of y in w;4. Therefore, w; (S N (T — v)) has y as a
subword. However, since (S+v)NT C T, w;q4((S+v)NT) is a subword of w; 4(7T').
Since b; 4(q + %) = 0, and since T' is the central 'y _og of the 'y, corresponding to
g+ %, w;4(T) contains no occurrences of y. Therefore, w;4((S + v) N T) contains
no occurrences of y either. Since w;q(S N (T —v)) = w;q4((S +v) NT), we have a
contradiction.

The only remaining case is when v' = 0, i.e. |v;| < % for 1 <1 < d. We then simply

take an integer multiple nv” of v' such that some coordinate of nv’ is greater than %,
but at most W. Then, nv’ is also a period of w; 4, and we can repeat the argument

just made for the same contradiction.

Wo,d

Figure 3.20: f’
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We now return to our proof of the lower bound on h'?(X) — h'?(X,,). We suppose
that our word w € Lr,(X) which we are removing from L(X) has n > (3d + 5)W.
Take o to be the smallest integer such that (o —4)W > n + 2R. Then, (0 — 4)W >
(3d 4+ 5)W, and so o > 3d + 2. We also define n’ = oW + 2R. By the definition of o,
n' <n+4R+5W < n+44R + 70. Take 11, to be any ergodic measure of maximal

entropy on X,. Since

> Al = U )[w']) — (%) = 1

w’ELFn, (Xw) ’lUIELFn

/

there must exist some word f € Lr ,(X,,) such that i, ([f]) > 7. We note that

1
Hl"n, (Xw

since X,, C X, Hr ,(X,) < Hr,,(X). By Lemma 3.2.1, Hp ,(X) < M”00 A1,

Therefore, 11, ([f]) > o~ P (X) (W' +R)®

This means that by using Lemma 3.2.7, we see that if, for any ¢ > 0, we denote
by Bi.(X,) the set of words in Lr, (X,,) which have at least k(e +R?T _ ¢)

. In | By (Xuw
occurrences of f, then limy_ W = h'P(X,).

In Figure 3.20, we show a word f’ € Ly , , (X) constructed as follows: the copy of
F%V) is filled with w, 4 as constructed in Theorem 3.4.2, and the central I', is filled

with w. The remaining shaded portion is filled using strong irreducibility to create a

word f' € L(X).

We may now finally describe our map ;. Consider any u € By (X,,). By definition,
u has at least k%(e~n" X)W +RT _ ¢} oecurrences of f. We choose a set of disjoint
occurrences of f using a simple algorithm: choose any occurrence of f to begin, call

it fM. At most 3%n'¢ occurrences of f overlap f), and so we choose any occurrence
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of f which does not overlap f, and call it f®. f®) is any occurrence of f which
does not overlap f or @, and we continue in this fashion. We are able to choose
at least k‘d3*dn’*d(e*hmp(X)(”/*R)d — ¢€) disjoint occurrences of f in u in this way. We
then choose any nonempty subset of this chosen set of occurrences of f, and for each
chosen occurrence of f, if its shape is U a copy of I/, we use strong irreducibility to
replace the central ',y _og of U by f'. 1y (u) is defined to be the set of words which
could be created by performing such replacements on u. The cardinality of ¥y (u) is

_ — _pto n! d
then at least 2k~ =4 (e MO g g any u € By (Xy).

We claim that ¢y (u) N Yg(u') = @ for any u # v € By (X,). To show this, we
first show an auxiliary claim: that no occurrence of f’ is ever incidentally created
in the replacement process of ;. In other words, when some occurrences of f in
u € By (X,) are replaced by words containing f’ to create an element of ¢y (u), the
only occurrences of f’ in the result are the ones which are subwords of each replaced
occurrence of f. Suppose that this is not the case; that for some v € By (X,,) and
v" € Y (v), v' contains an occurrence of f’ which occupies a copy of I',_og, which we
call B, which was not the central I',,,_sr of a copy of I',, which was occupied by one
of the replaced occurrences of f in v. Denote by B” the central I',, of B’ and by B the
copy of I',y in which B’ is central. Then v'(B”) = w. Since v € L(X,), v(B") # w.
This implies that one of the replacements made had nonempty intersection with B”,
otherwise v(B"”) = v/(B”), a contradiction. Call the I',, where this replacement
was made C, and call its central I',,_or C’. By our hypothesis, B was not one
of the replaced copies of I',/, and so B # C. Since all of the replacements made

were disjoint, v/(C") = f’. We know that '(B") = f" as well. Since C N B" # @,
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|B—Clow <n+ ”/2_” = ”,% But, ”,;” = ”,_;W + 2tn Since n' = oW + 2R + 2t,

"I_T"W + I — R+ ¢4 2R Tt was part of the definition of o that (o —4)W > n+

2R+2t,s0 R+t < (0_4)#. Therefore, R+t+ 2% < (0_4)2W_"—|—0W2+” = (0—2)IV.

We have then shown that |B — Clo < (0 — 2)WW. Since B’ is central in B and C’
is central in C', B' — " = B — C and so |B' — ('] < (0 — 2)WW as well. We make
one more notation: call £’ the boundary of thickness 2W of B’ and F’ the boundary
of thickness 2W of C". Since B # C, E’ # F'. Then, since v'(B’') = v/(C") = f,
V(E') = V(F') = woq. Also, E' — F' = B'— (', s0 |[E' — F'|lx < (0 —2)W,
which implies that £’ has nonempty intersection with the central I',_syp of F', a

contradiction to the aperiodicity property of w, 4.

We have then shown that the only occurrences of f’ in any v' € v (v) for some
v € By (X,) are those which occupy the central I',,_op of replaced occurrences of f.
We also have a sort of converse result: for any such v, v, and for every U a copy I,
which is filled with an occurrence of f in v which is replaced, the central I',;_or of U
is filled with f’ in ¢’. This fact rests on the disjointness of the replacements made in
the definition of 1;; since these replacements are disjoint, each letter is changed at

most once.

Now, consider any v’ € ¥ (v) for v € By (X,). Since v' € ¢, (v), v' has at least one
occurrence of f’. Since the only occurrences of f’ in v’ come from replacements during
the application of ¢, we know that for every U a copy of I',,_op with o'(U) = f', if
we call U’ the copy of I';; in which U is central, it must be the case that v(U’) = f.

We also know that these are the only replacements performed in turning v into v/,
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since any others would have resulted in more occurrences of f’. So, v' determines the
set of replacements which were made in v. However, trivially v = v’ outside of the
regions where replacements occurred, and so v’ determines the letters of v outside
regions where replacements occurred, as well. Therefore, v is uniquely determined by
V', and so we know that for v # v’ € By (X)), ¥r(v) NYi(v') = 2.

e h PO TR —htoP(X)(n'+R)4 _,

-1 > 2kd3*d+1n*d(e

Since |1 (v)] > 283 ) for v €

By (Xy), we have shown that

— _ _pto n! d
Hr, (X) > 247 0 gy (X))

for large k. Take natural logarithms of both sides, divide by k%, and let kK — oo to

see that

RP(X) > (In2) (374 p=d(e M7 X HRT _ o)) 4 plov(X ).

Since € was arbitrary, we allow it to approach zero, and so

RP(X) — hiP(X,,) > In2 - 3~ p de WX +R)

which for large enough n, gives
PP(X) = BP(X,) > e MR
or, by replacing n’ by its maximum possible value n + 44 R + 69,

1

eht?(X)(n+44R+70)4 "

hP(X) — hP(X,) >
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Combining this with the earlier upper bound on h'?(X) — h'*?(X,,), we have

1 to to DX
oy < 1 (X) = R (Xw) < St e

3.5 A closer look at the main result

We here wish to briefly review the proof of Theorem 3.1.22; and point out that most
of the complications encountered in the proof were due to possible problems with
periodicity of w. If some assumptions about w’s aperiodicity are made, the proof can
be simplified significantly. We will skip some of the details of these proofs, as they

are just simplified versions of arguments already made in the main text.

Theorem 3.5.1. For any strongly irreducible shift X = Qx of finite type with uniform
filling length R and positive topological entropy h'°P(X), and for any words w,w' €
Ly, (X) such that w and w' agree on the boundary of thickness t and any replacement
of w by w' or vice versa cannot create or destroy any other occurrences of w and w’,
if we denote by X, the shift of finite type Qr ), then for any ji, an ergodic measure

of mazimal entropy on X,, and any p an ergodic measure of maximal entropy on X,

(In 27, ([w']) < A'P(X) = K" (Xy) < 2(In2)p([w]).

Proof: To prove an upper bound on h'?(X) — h**P(X,,), define a mapping 6;, (similar

to ¢, from the upper bound portion of the proof of Theorem 3.1.22) on Lr, ., (X):
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given v € Lr, ., (X), one replaces the occurrences of w by w’, going in order lexico-
graphically. Since none of these replacements can make new occurrences of w, this
process terminates. The word occupying the central I', of the resulting word is then in
Lr, (X,) for the same reasons as before, and we call this word 6, (v). We then wish to
bound from above the size of 0, ' (v) N Ajt20.c 7w, (X) for any v € Lp, ., (X) and any
ergodic measure of maximal entropy z1 on X. Recall that Ay op ¢ 7w (X) is the set of
words in Lr,,,, (X) which have between (k+2n)*(a([z]) —€) and (k+2n)?(7([z]) +€)

occurrences of x for x = w, w’.

Consider any z € ;' (v) N Aptonefiww (X). Because of the fact that occurrences of
w and w’ are not incidentally created nor destroyed during the replacements made in
the process of changing x to v, the word occupying a shape S a copy of I',, will be
changed from w to w’ at some point during these replacements if and only if z(S5) = w.
If 2(S) = w, then v(S) = w’, since once an occurrence of w' is created, it cannot
be eliminated in any of the other replacements made in the process of changing x
to Or(x) = v. Therefore, any replacements made are at copies S of I',, such that
v(S) = w'. We have then shown that if we denote by Si,..., S, the set of copies S
of T';, such that v(S) = w’, then x agrees with v on Fk\( [ Sz->, and for each 1,
z(S;) = w or x(S;) = w'. This shows that there are at most 27 choices for z(I'y), and

so since there are at most |A|F+20)~*" ways to fill F,(!_"g%

with letters, that |0, ' (v)| <
2| A|k+2m" =K But, v = O(z), and = € Apioneiww (X). Therefore, p, the number
of occurrences of w’ in v, is equal to ¢ + r, where ¢ is the number of occurrences of

w in z and r is the number of occurrences of w’ in z. By definition of Ajyop ¢ n(X),

q < (k+2n)%pu([w]) +€) and r < (k + 2n)(u([w']) + €). By Proposition 3.2.5,
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since w and w’ agree on their boundary of thickness ¢, i([w]) = f([w']). Therefore,
p < 2(k+2n)(ji([w]) +€), and so we see that if 6, ' (v) N Ay 2n.c 7w (X) is nonempty,

then it has cardinality at most 22(k:+2m*(E([wD+e)| 4|(+20)"=k " Thig implies that

|Ak+2n,e,ﬁ,w,w’ (X) |
Hr (Xw) 2 22(k+2n)A(E([w])+e)| 4| (k+2n) 7=k

Take natural logarithms of both sides, divide by (k + 2n)¢, and let k — oo to get

. K e (X)) o I Apone i (X))
1 b w > 70,6, 1L, W, W
oo (k1 2n) kT < ks (k + 2n)

— 2In2(p([w]) +€)

_InJAJ((k +2n)" - &)
(k + 2n)d ’

and by using the definition of entropy and Lemma 3.2.7, we see that

HP(X,) > hp(X) — 2(n2)Gi([w]) + o).

Since g is a measure of maximal entropy, and since € can be arbitrarily small, we may

rearrange to arrive at

BP(X) = hP(X,,) < 2(In 2)ji([w]).
We could then use Lemma 3.2.6 to further bound this from above, but we leave the

bound as it is for now, to emphasize the fact that our upper bound comes from g([w]).

We can also give a similarly shortened proof of a lower bound on h'?(X) — h'P(X,,).
Define a map ¢y (similar to ¢y from the proof of the lower bound portion of Theo-
rem 3.1.22) from Lr, (X,,) to P(Lp, (X)) as follows: for any v € Ly, (X,,) which has

at least one occurrence of w’, take any nonempty subset of the occurrences of w’ in v
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and replace them all by w. It is possible to perform all of these replacements simulta-
neously because the hypotheses of Theorem 3.5.1 imply that the portions of any two
occurrences of w’ which would need to be changed to turn them into w are disjoint.
(If not, then a replacement of one of them by w would destroy the other.) Therefore,
for any ergodic measure of maximal entropy fi,, on X,, and for any v € Ay ¢ 7, w (X),
|6 (v)| > 2+ (D=6 _ 1 For exactly the same reasons as in the earlier lower bound

proof, 0 (v) N 0,(v') = & for v # V' € Ay ¢ 71w (Xw). Therefore,

Hy, (X) > (2800079 — 1) Ay (X))

Take natural logarithms of both sides, divide by k%, and let & — oo to see that

HP(X) 2 (102) (ul[1/]) — €) + lim sup e (L)

)
k—oo kd

and by using Lemma 3.2.7 and letting € approach zero since it is arbitrary,

WP (X) 2 (I 2)fi([w']) + b, (Xuw)-

Finally, we use the fact that p,, is a measure of maximal entropy on X, to rewrite as

WP (X) = B (X) = (In2) i, ([w']).

We recall that the upper and lower bounds in Theorem 3.1.16 (the one-dimensional

case) have a ratio bounded away from zero and infinity, but that we showed that it is
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impossible to have such close bounds in the multidimensional case which depend only
on the size of w. It is then natural to wonder whether or not it is possible, at least
under the hypotheses on w from Theorem 3.5.1 and for large n, to have a lower bound
of the form Cp([w]) for h*P(X) — h'P(X,,). It turns out that this cannot be true if
there are multiple measures of maximal entropy. In one dimension, the uniqueness
of a measure of maximal entropy of any mixing shift of finite type is well-known,
but Burton and Steif ([BuS1], [BuS2]) have shown that there are multidimensional
strongly irreducible shifts of finite type which have more than one measure of maximal
entropy. In order to show that this type of lower bound is too good to be true, we

need a lemmas

Lemma 3.5.2. If X is a strongly irreducible Z.3-shift of finite type t and if we denote
by E,(X) the set of words w € Lr, (X) for which there exists w' € Lr, (X) where w
and w' agree on the boundary of thickness t and such that replacing w by w' or vice
versa can never incidentally create nor destroy an occurrence of w or w', then for

any ergodic measure fi of mazimal entropy on X, lim, .« i(E, (X)) = 1.

Proof: We claim that as long as n is sufficiently large, and w has the property
that given any two disjoint copies S and T' of I'| 5| contained in Iy, w(S) # w(T),
then w € E,(X). Consider any w with the property just described. Then create
a standard replacement of w in the same way as in the proof of Theorem 3.3.1, by
changing w only on a central copy of I'sgy;. (Recall that [ = [(}ffp—%) Cll-‘ + 1 or

1
| = K—Jﬂf}%) d-‘ + 2 and that [ is chosen so that there exists a € Lr,(X) so that a

is not a subword of w. We before chose [ to be odd, but here we take it to have the
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same parity as n so that there is a central I'; within I',.) We denote by K the central
copy of I'ygy; on which w is changed to create w’, and so w(I',\K) = w'(I',\K).

We have four cases that we would like to show are impossible:

Case 1: Suppose that a replacement of w by w’ could possibly create a new occur-
rence of w. More rigorously, that there exists x € X and copies T and T" of '), such
that 2(T') = w, and if we define by 2’ the element of X created by replacing x(7T") by

w', then 2/(T") = w, but z(1") # w. This means that 2/(T) = v’ and 2/(T") = w.

n—lI
2

Since the central I'; in w’ is occupied by a, this implies that |77 — T'|,, > 5=, or else
2/(T") = w would have to contain this occurrence of a. However, in order for 2'(7")
to be a newly created occurrence of w, it must be the case that 7’ has nonempty
overlap with K + (T'—T,), and so [T’ — T|. < w. By this upper bound on
|T" —T|oo, TNT" contains a cube of size at least w, which must contain a copy
of I'| /m) disjoint from the very small sets K + (T' —T',) and K + (1" —T',), call it U.
Since '(T) = w', 2'(U) = w'(U — (T —T',)). Since U is disjoint from K + (T —T,),
w'(U—(T—-T,)) =wlU — (T -T,)). Since 2'(T") = w, 2/(U) = w(U — (T" = T,)).
Therefore, w(U — (T'—T,)) = w(U — (I" — I'y)). But, since [T" — T'|oc > %, which
is greater than /n for large n, U — (T'—T',) and U — (7" —T,,) are disjoint copies of

'\ /m), and so we have a contradiction.

Case 2: Suppose that a replacement of w by w’ could possibly destroy an existing
occurrence of w’. More rigorously, that there exists + € X and copies T" and T" of

I',, such that z(T') = w, and if we define by 2’ the element of X created by replacing
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z(T) by w', then 2/(T") # w’, but x(1") = w’. This means that z(7") = w' and

z(T) = w. Everything from here proceeds to a contradiction exactly as in Case 1.

Case 3: Suppose that a replacement of w by w’ could possibly destroy an existing
occurrence of w. More rigorously, that there exists z € X and copies T and 1" of T,
such that z(T') = w, and if we define by 2’ the element of X created by replacing x(7T')
by w’, then 2/(T") # w, but x(T") = w. This means that z(T) = w and z(T") = w.

However, since 2/(T") # w, it must be the case that K + (7' — I',)) has nonempty

n+(2R+1)
—5 -

intersection with 7”. This again implies that |77 —T|« < It is then possible
to choose a positive integer k so that \/n < [k(T" — T)|w < n — y/n. Then choose
any U a copy of I'| 5| so that U,U + k(T —T") CT. Since z(T) = w, z(U) = w(U).
Since z(T") = w, x(U) = w(U + (T —=T1")). So, w(U) = w(U + (T —1T")). In the same
way, we can see that w(U) = w(U + k(T —T")), and since |k(T —T")| > /n, U and

U+ k(T — T") are disjoint and so we have a contradiction.

Case 4: Suppose that a replacement of w by w’ could possibly create a new occur-
rence of w’. More rigorously, that there exists z € X and copies T and 7" of I';, such
that 2(T) = w, and if we define by 2’ the element of X created by replacing x(7T") by
w', then 2/(T") = w', but x(T") # w'. This means that 2/(T) = v’ and 2/(T") = w'.

However, since x(T") # w', it must be the case that K + (7' — I';)) has nonempty

n+(2R+1)

5 It is then pos-

intersection with 7”. This again implies that |T" — T, <
sible to choose a positive integer k so that \/n < [k(T" — T)|e < n — y/n. Then,
choose any U a copy of I'| 5| so that U,U + k(T — T') C T, and both are disjoint

from K + (T —T',). Then, since 2/(T) = «', 2/(U) = «'(U). Since 2/(T") = o/,

153



Z(U) =w' U+ (T —1T")). So, w'(U) =w' U+ (T —1T")). In the same way, we can
see that w'(U) = w'(U + k(T —T")). Since U and U + k(T — T") are disjoint from
K+(T-T,), wU)=wU) and w(U + k(T —T")) = w'(U+ k(T —T")). Therefore,
w(U) =w(U+k(T—T")). Since |k(T —T")| > v/n, U and U+ k(T —T") are disjoint

and so we have a contradiction.

Therefore, as long as w has w(S) # w(T) for S and T' disjoint copies of I'| | in T,
w € E,(X). This implies that

Lr,(XNE.(X)C | U ( U ([U]mqv]w'))m)).

UELFL\/EJ (X) “wel-nn]d v |eo>vn  u€l—n,n]?

(3.8)
We can now use Lemma 3.2.6 to see that for any v € Lr . (X), any ' with |u'[ec >

v/n, and any ergodic measure of maximal entropy g on X,

1

ol N ([o] + ) <

H (X))

(P Ly Uy )N (T U +))
Since |[t/]0 > /1,

(Coym U (T sy + )N\ s U (D + )™

= (T[T )P U (((FLﬁJ)\(FLﬁJ>(R)) + U')-

Since \u’]oo > \/ﬁ, d(((FL\/ﬁj)\(FL\/ﬁj)(R))7 ((FL\/EJ)\<FL\/EJ)(R)) +U/) > \/ﬁ > R for

large n, and so by strong irreducibility,

_ 2
H((FLﬁJ)\(FLm)(R))U(((FLﬁJ)\(FLm)(R>)+“') (%) = H((FLﬁJ>\(FLm)(R>) (X0,
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which is at least e (02(Vn—2R)" by Lemma 3.2.1. Combining this with shift-invariance

of 1 and (3.8), we see that

ALr, (X)\EA(X)) < Hr ) (X)(20) e M 02 /207,

Again by Lemma 3.2.1, Hr _ (X) < PR Therefore,

T(Lr, (X)N\En(X)) < (2n)%e ' (OQVA-2R) !~ (/rtR)")

which clearly approaches zero as n — oc.

Now, suppose that for any strongly irreducible Z?shift of finite type X, there exist
constants C; N > 0 and an ergodic measure of maximal entropy g on X such that
for any w € E,(X) with n > N, Cnu([w]) < h*P(X) — h*P(X,,). For a contradiction,
choose any X with more than one measure of maximal entropy. Since the extreme
points of the set of measures of maximal entropy are the ergodic measures of maximal
entropy, there must exist some ergodic measure of maximal entropy g’ # p on X.

Then we have

Ch([w]) < BP(X) = h*(Xy) < (2In 27 ([w]) (3.9)

for all w € FE, with n > N. However, since g and g’ are ergodic, they must be
mutually singular. Therefore, for any € > 0, there exists some open set U, such that

n(U,) < eand p'(Ue) > 1—e. By Lemma 3.5.2, for large enough n i (U.NE,,) > 1—2¢,
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and obviously (U, N E,) < e. Since U, is an open set in X, it is a union of cylinder
sets. This means that there exists N’ > N so that for any n > N’, there exists some
Ve C U, a union of cylinder sets of words in L, (X) with @/(V. N E,) > 1 — 3¢, and
again (V. N E,) < e. However, we assumed that Cpi([w]) < h'P(X) — h'P(X,,) <
(2Inn)p/ ([w]) for all w € E,, and n > N, and so since V. N E, is a union of cylinder
sets associated to E,-words, for any n > N’ we may sum (3.9) over w € V.NE,, to see
that Cu(V.NE,) < (2In2)p/ (Ve N E,), and so Ce < (2In2)(1 — 3¢), a contradiction
for small enough e. This implies that if d > 1, then there does not exist a lower
bound on h'P(X) — h'P(X,,) of the form Cp([w]) which holds for all words w € F,,

for sufficiently large n.

3.6 An application to an undecidability question

One of the complexities of multidimensional symbolic dynamics is that it is algorith-
mically undecidable, given just the set F of forbidden words, whether or not a shift
of finite type in Z? is nonempty. (See [B], [R], [Wan] for details.) One application of

Corollary 3.3.7 is a condition under which {2z is nonempty:

Theorem 3.6.1. For any alphabet A, there exist F,G € N such that for any m > 0
and any finite set of words F,, = {wy, € Ly, (X) : 1 <k < m} satisfying ny > G

and ny, > F(nk_1)4d2 forl <k <m, Qg #.
To prove this, we need the following lemma:

Lemma 3.6.2. For any strongly irreducible Z-shift X = Qz of finite type t with

uniform filling length R, there exist C, E € N dependent only on d such that for
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any w € Ly, (X) with n > max(C(R + 1) 2, E), if we denote by X,, the shift of
finite type Qr(wy, then there is some w' € Lp, (X) a subword of w such that X, is

nonempty and strongly irreducible with uniform filling length at most 2n + R.

Proof: Suppose that such a shift X is given. By Corollary 3.3.7, there exists N such
that for any w € Ly, (X) with n > N, there exist w’,w” € Lr, (X) such that v’ is a
subword of w, w" and w” agree on Y ), and replacing an occurrence of w’ by w” in an
element of X cannot possibly create a new occurrence of w'. (We are not using the
full force of Corollary 3.3.7 here, in that we do not care about the size m of w’, only
that w’ exists.) By reviewing the proof of Corollary 3.3.7, we see that a sufficient
condition for the existence of w’ is that

(n—t+1)— (C’(%JFR))@—HFDWZ >0

for some constant C” depending only on d. Some algebraic manipulation shows that

the above is implied if n > C’M(% +R) 4t By Lemma 3.2.1, " (X)(E+)? >

Hr, (X) > 2, s0 h'P(X) > (Féf‘&)d. Therefore, it is sufficient to have n > C"* (5 (R +

4lnn + R)2d +t. Since (R+1)* > R and n > t?, for any n > 1 a sufficient
condition is n > 2C"¢(2Inn(R + 1)%)?? + /n. There is a constant £ dependent
only on d so that if n > E, (Inn)?*? < \/n. For such n, it would be enough to have
n > 2C"4/n(2(R + 1)%)?? + y/n, or by dividing both sides by y/n and then squaring
both sides, n > C(R + 1)4d2 for some constant C' dependent only on d. So, as long as

n > max(C(R + 1) 2 E), such a w’ exists.

Consider any two shapes S,T C Z< such that d(S,T) > 2n + R, and any words y €
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Ls(Xy) and 2z € Ly(X,). Since y € Lg(X,r), there exists y' € Lggeym (Xur) such
that y'(S) = y. Similarly, there exists 2’ € Loy peym (Xu) such that 2/(T') = z. For
any p € S (S°)™, by definition there exists p’ € S such that d(p, p’) < n. Similarly,
for any ¢ € TU(T¢)™, there exists ¢ € T such that d(q,¢) < n. But d(S,T) > 2n+R,
sod(p,q") > 2n+ R. By the triangle inequality, d(p, ¢) > R. Therefore, since p, ¢ were
arbitrary, d(S U (S¢)™, T U (T¢)™) > R, and so by strong irreducibility of X there
exists ¥ € X such that (S U (S)™) =y and (T U (T¢)™) = 2’. We now fix any
ordering of the elements of Z¢ with a least element (say lexicographically with respect
to polar coordinates) and replace each element of w’ by w” in turn with respect to
this order. In this way, we eventually arrive at ' € X which has no occurrences of w’
and is thus an element of X,. Note that since z(S LI (S°)™) = ¢/ and z(T L (T¢)™)
are words in L(X,), they had no occurrences of w’. Therefore, any of the replaced
occurrences of w’ had nonempty intersection with ((S L (S€)™) U (T U (T¢)™))".
Consider such a replaced occurrence which occupies U a copy of [',. From the fact
just noted, there exists p € U such that p ¢ SU(S°)™ UTU(T¢)™. This implies that
d(p,S) > n and d(p,T) > n. Therefore, since the size of U is m < n, U is disjoint
from both S and 7. Since U is an arbitrary replaced occurrence of w’, this implies
that = remained unchanged on S and T throughout the process of changing it to z/,
and so 2/(S) = z(S) = y and 2/(T) = xz(T) = z. By definition, we have shown that

Xy is nonempty and strongly irreducible with uniform filling length at most 2n + R.

O

Proof of Theorem 3.6.1: We prove Theorem 3.6.1 by induction. Our inductive
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hypothesis is that for any F,,, as described in the hypotheses, 2 contains a strongly
irreducible shift of finite type with uniform filling length less than 4n,,. First note
that by Theorem 3.1.22 and Lemma 3.6.2, there certainly exists G' such that for
any word w; € A" with n; > G, there is a subword w) of wy such that Q{wfl} is
nonempty and strongly irreducible with uniform filling length Ry < 4n;. We take
this G to be greater than the F from Lemma 3.6.2, and take our F' to be 54,
where C' is from Lemma 3.6.2. Now suppose the hypothesis to be true for m, and
consider any F,,, 11 = {wy, wa, ..., Wy} satisfying the hypotheses of Theorem 3.6.1.
By the inductive hypothesis, Qg ws,...w,} contains a strongly irreducible shift X,
of finite type t,, with uniform filling length R,, < 4n,,. There are two cases: either

W1 € L(X,,) or not. If wy,11 ¢ L(X,,), then (X,,) = X,,, and so since

Wm+1

X = (Xo)wmis € Qg,,.,, in this case Qz, ., contains a strongly irreducible shift
of finite type with uniform filling length R,, < 4n,, < 4n,; and the inductive
hypothesis is verified for m + 1. So, we suppose that w,,+1 € L(X,,). We will show
that 7,41 > max(C(R,, + 1)* 2| E). By the hypotheses of Theorem 3.6.1, we see
that 7,1 > F(nm)*® = 54 C(ny,) " > C(5n,)*" > C(Rp+1)". Since the largest
size of a word in F is N, ty < N, and 80 N1 > F(ny)*® > 2. Finally, npqq >
ny > G > E. Therefore, w,,,1 satisfies the hypotheses of Lemma 3.6.2 and so there
is wy, . ; a subword of wy, 1 such that (Xm)w£n+1 is nonempty and strongly irreducible
with uniform filling length less than 4n,,.;. Also, (Xm)w;n+1 C (X)wmis € Qs

and so the induction is complete. We have then shown that for any m, 2z contains

a nonempty shift and is therefore nonempty itself.
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3.7 Questions

A few questions suggest themselves based on our results. The first, and perhaps most
obvious, is simply how the bounds in Theorem 3.1.22 could be improved. (We suspect

that at least the lower bound is far from optimal.)

Question 3.7.1. Can the constants Ax and Bx in the statement of Possible Theo-

rem 3.1.21 be improved from their values in Theorem 3.1.227

We know at least that the gap between Ax and By can be improved only up to
possible additive and multiplicative constants; we showed earlier that there are ex-
amples which force Ax — Bx > 2R for strongly irreducible shifts of finite type with
arbitrarily large R, and our Theorem 3.1.22 has Ax — Bx = 46R + 70. However, it

would be nice to achieve optimal values.

Next, recall that we showed in the introduction that no result nearly as strong as
Theorem 3.1.22 can be true for shifts of finite type which are only assumed to be
topologically mixing. However, it is probable that something can be said. So, we can

ask

Question 3.7.2. If X is a topologically mizing Z-shift X = Qr of finite type with
positive topological entropy h'°P(X), and if we denote by X,, the shift of finite type
Qriqwy, then is it true that for every e > 0, there ewists N such that for all w €
Lr,(X) with n > N, h'?(X) — h'P(X,) < €? If so, can anything be said about
the rate at which h'°P(X) — h'°P(X,,) approaches zero as the size n of w € Ly (X)

approaches infinity?
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If it is the case that h'P(X) — h'P(X,,) approaches zero as n — oo, then it seems
likely that some new techniques would be necessary for a proof, since there exist
non-strongly irreducible shifts of finite type whose languages contain words w for
which there exists no word w’ # w agreeing with w on its border. For example,
in the checkerboard island shift Z, any square word which is a finite portion of a

checkerboard is forced by its boundary.
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